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bAaroaapHocTn

Mpbr GaromapHbl BceM, KTO CITOCOGCTBOBAM TIOSIBIECHUIO 9TOH KHUTH. PYKOBOJICTBO
Hareil KoMrnaHuu A9.com akTHBHO MOIEPKUBAJIO TIPOEKT € caMoro Havasa. bun
Creficrop TPeIOKIIT CO3MAaTh KypC, JIETIIHI B OCHOBY 9TON KHUTH, U BBHIOPAT TEMY
U3 TIPETO’KEHHBIX HaMK BapraHToB. bpaiian [IMHKepTOH He TOJIBKO IPOCITYIIAT BeCh
KypC, HO M BCSTYECKH MTPUBETCTBOBAJ WJICIO MTPEBPATUTH €T0 B KHUTY. MBI Grarofapum
takske Mata Mapkyca, KoTopblil BMecTe ¢ AJIeKCOM YUTaJl OXO0XKUN Kypc B KOMIIAHUN
Adobe B 2004—-2005 rogax.

Ha mporsxernn Bcero mporiecca BaXKHYIO POJIb UTPATH APYTHE YJIEHBI TPYIIIBI 1O
(dbyHIaMeHTalIbHBIM CTPYKTYPaM JaHHBIX M aJroputMaM noucka. Anui Tarrosiu (Anil
Gangolli) momoras npu or6ope MaTepuasa st kypea, Paitan OpHer (Ryan Ernst) moz-
TOTOBHIT GOJIBIITYIO YaCTh WH(MPACTPYKTYPBHI TiporpamMMupoBans, a [Tapavsxut O6epoit
(Paramjit Oberoi) BbicKasbiBaJI LeHHEIINE 3aMeYaHnst Ha dTalle HallMCAaHUsT KHUTH.
Ham moctaBuiio MCTHHHOE YAOBOTBCTBHE PaboTaTh ¢ HUMHE, W MbI TTPU3HATEIHHBI IM
32 TIOMOIIIb.

MpuI BeIpazkaeM OsarogapaocTs pegakropam Iurtepy Topmony (Peter Gordon) u I'pa-
ry Houky (Greg Doench), a Takke BceMy KOJJIEKTHBY, COOPABLIEMYCS IO/ KPbIIIEil
uznarenscrBa Addison-Wesley, 8 Tom uncise rimasHomy pemaktopy [Ikony Dyimepy,
penakropy 1o npoussoactBy Mapu Kacen Yuicon (Mary Kesel Wilson), Bbiiyckaro-
memy peaakropy Jxuir Xo66c (Jill Hobbs), Bepcranbinuky u cnennanucty o LaTeX
Jlopu Xbto3 (Lori Hughes), 3a ycunust 1o npeBpaiieHuo pyKOIucH B Ge3ynpeuHyo
KHUTY.

Haxomer, MbI XOTHM TOOJIATOIAPUTD HAIIWX JAPY3eH, CEMbU ¥ KOJIJIET, KOTOPbIE
MIPOYJIM YePHOBBIE BAPMAHTHI KHUTU U TIO/IETMJINCH C HAMW 3aMEYaHUSIMI, NCIIPaBJe-
HUSAMU, TIPEJIJIO’KeHNsIMA, coBeTamu U T. /1. [acniepa Aamana (Gasper Azman), /[>koHa
Bannunra (John Banning), Cunruio JIsopk (Cynthia Dwork), Tepmana JnenbMana
(Hernan Epelman), Paiiana 3pucra (Ryan Ernst), Anuia Tanromm (Anil Gangolli),
Cerozan Ipy66ep (Susan Gruber), IxoHa Kaasba (Jon Kalb), Pobepra Jlepa (Robert
Lehr), Imurpus Jlemuepa (Dmitry Leshchiner), Toma Jlongona (Tom London),
Mapka Manaccu (Mark Manasse), IToma Maxkmpkonca (Paul McJones), Huxkomaca
Hukonosa (Nicolas Nicolov), Topa Humanosa (Gor Nishanov), ITapamskura O6epost
(Paramjit Oberoi), [ITona ITapenTa (Sean Parent), ®epuango Iesmmmunonu (Fernando
Pelliccioni), d:xona Peiizepa (John Reiser), Podepra Poysa (Robert Rose), Credana
Bapruaca (Stefan Vargyas) u Axama IOnra (Adam Young). Birarogapst um kHura crajia
HAMHOTO JIyYIIe.



Ob6 aBTOpax

Anekcanzp A. CrenanoB n3ydana MaTeMaTHKy B MOCKOBCKOM roCy/IapCTBEHHOM YHU-
BepcuTteTe ¢ 1967 mo 1972 rox. C 1972 rosa 3anmmaeTcs TporpaMMHUPOBaHIEM, CHavaIa
B CoBerckom Cotose, a 3areM, niocsie amurpanuu B 1977 roxy, B CIIIA. On npunnman
yyacTue B MPOrPaMMUPOBAHUM OTIEPAITMOHHBIX CHCTEM, HHCTPYMEHTAJIbHBIX CPE/ICTB
[POrPpaMMUPOBaHK, KOMITUJIATOPOB U 6GubanoTek. B paboTe 110 OCHOBaHUAM IIPOrPaM-
MUPOBaHUs MY OKa3bIBAJIU MOJIEPAKKY KoMIaHust JskeHepan DiekTpuk, [lomurexHu-
yeckuii yausepcuret, komnanuu Bell Labs, HP, SGI, Adobe, 1 — ¢ 2009 roaa 1o ceit
nerb — A9.com, JlouepHss KOMIaHWs Amazon, CIeUaJIn3upyIoNasicss Ha TEXHOJIOTH-
sx noucka. B 1995 romy skypuain «Dr. Dobb’s Journal> npucyaun emy npemuio «3a
BBIJIAIOIIIECS 3aC/IyTH B IPOrPAMMUPOBAaHII> 3a IPOEKTUPOBAHNE CTaHAAPTHOI O1b-
smoreku madaonos C++ (Standard Template Library).

[pnuan 3. Poys — ydeHbIii-ucceoBaTeNlb, 3aHUMaJl PYKOBOJSIINE JIOJKHOCTH
B KoMmnanusax Apple, AltaVista, Xigo, Yahoo u A9.com. Kpyr ero HayuHbIX HHTEPECOB
OXBATBIBAET TEXHOJIOTUU TIOUCKA, OT HU3KOYPOBHEBBIX aJTOPUTMOB CXKATUS MHJIEKCA
JI0 BOIIPOCOB B3aMMOJIEHCTBUSI MalllMHBI M YeJloBeKa B Ipolecce moucka B BeO. Poys
PYKOBOAWI B KoMITaHuu Apple rpyIimoii, paspaboTaBiieil cicTeMy JOKaJIbHOTO MOUCKa
1t KoMibtorepa Macintosh. OH obJiazaTesb TOKTOPCKON CTEIeHH 110 KOTHUTUBUCTH-
ke u nadopmartuke, npucyxjaennoil Kamdopuuiickum yansepcuterom B Can-/luero,
a TakyKe crerneHu GakajaBpa 1o Guaocoduu, IPUCYsKAeHHON [apBapACKUM YHUBEPCH-
TETOM.



OT asTOpOB

Pasnenenne nndopMaTHKU ¥ MaTEMaTUKU CUJIbHO obeaHseT o0e Hayku. JIlekiuuu, mo-
JIO)KEHHBIE B OCHOBY 9TOI KHUTH, — MPEAIPUHATAs MHOI IIOIBITKA MOKA3aTh, 4TO 06e
IESATEIBHOCTH — IPEBHIOI0, BOCXO/SAIILYIO K NCTOKAM HAaLIEH IUBUIM3AIIHI, U CAMYIO UTO
HM Ha €CTh COBPEMEHHYIO — MOKHO COEIUHUTb.

MHe oueHb NOBE3J0, 4T0 MO ApyT dan Poys, mog pyKoBOACTBOM KOTOPOTO Halla
rpyIa NpUMEHSIA IPUHIUIIBI 0000IEHHOTO IIPOrPAMMUPOBAHUS K IIPOEKTUPOBAHUIO
IOMCKOBOM CHCTEMBI, COTJIACKIICS TIPe0Opa3oBaTh MOU JJOBOJIbHO GECCBA3HbBIE JICKI[MH
B IIeJIbHYIO KHUTY. Mbl 002 HaJieeMcsl, 4TO YMTATeIAM MOHPABUTCS IO/ HANIeH COB-
MECTHOM pabOThI.

-A.A.C.

Kawura, KOTOPYIO BBI Iep;KUTE B PyKaX, OCHOBAHA Ha 3aMETKaX K KyPCY JEeKIHi «AJ-
TOPUTMHWUYECKUE MYTENIeCTBUS», TpoUuTaHHOMY AjiekcoM CTemaHOBBIM B KOMITAHUU
A9.com B 2012 roxy. Ho B xojie Hatiieil ¢ AsiekcoM paboThI MO TIePEIOKEHII0 MaTepraia
Kypca B (pOpMY KHUTH MBI TIPHIILINA K BBIBOJLY, YTO MOTJIH ObI TIOBEAATH Oosiee MHTEpeC-
HYIO UCTOPUIO — 00 000GIIEHHOM TIPOTPAMMHUPOBAHUN 1 €70 MaTEMaTHYECKUX OCHO-
BaHUAX. DTO MOOYANIIO HAC CYIIECTBEHHO U3MEHIUTh OPTaHU3AIMI0 KHUTH 1 UCKJIFOYHTh
TIETTBIN Pas/iedt, MOCBSMIECHHBIN TEOPUU MHOKECTB U MaTeMaTHUECKOH JIOTHKE, KOTOPBIT
KaK-TO HE YKJIQJBIBAJICS B 3TOT pacckas. [Ipuiioch Takske J06aBUTh U Y IATUTh PSIL Ie-
Tasieit, YToObI CIeaTh U3JI0KEHIEe O0JIee CBI3HBIM U JIOCTYITHBIM YATATEISIM, HE IMEt0-
MITAM OCHOBATEIbHON MaTeMaTUIECKOIM TIOJITOTOBKH.

AJteke, B OTJIMUTE OT MEHs, TOJIYYNJI MateMaTideckoe obpasoBanue. Koe B ueM MHe
OBLIO HEJIETKO Pa3odparhesi, HO TPUJIOKEHHBIE YCUJIHSI TO3BOJIMIN MHE TOHSTH, YTO
HYJKIAeTCSI B IOTTOJHUTETbHOM 00bsiCHeHU U, Ecii MHOT/Ia MBI TPAKTYeM KaK¥e-TO BO-
ITPOCHI HE TAK, KaK 9TO c/IeJ1ai Obl MATeMaTHK, WU UCIIOJIh3yeM He BIIOJTHE CTaHIapPTHYIO
TEPMHUHOJIOTHIO, MJIN CO3HATETBHO YIIPOIAEM U3JTOKEHIE, TO 9TO IETUKOM MOST BUHA.

-/.3.P.



[Mpeancnosve asTopa
K pyCcCKOMY N3A3HUNIO

JTa KHUTA POJUJIACH U3 KYPCOB, KOTOPbIE ST YUTal B AMEpUKE, HO KOPHU €€ BeiyT
K MouM pycckum yuuressam. O Jlobauesckom u ITyatkape st yauaua ot Ipuecra bopuco-
Buua Bunbepra, Korjga OH HaM, JAeCSTUKIACCHIKAM BTOPOIl IIKOJIBI, PACCKa3bIBaJl IIPO
cosnanuyio Ilyankape Mozenb reomerpun Jlobauesckoro. OO1yIo aaredpy s Moo,
caymas gexiun Asekcannpa lennannesnua Kypoma Ha mexmare MIY. On yBepsn,
4TO «ajaredpa MI@yeT roJ0Bbl», U IeHCTBUTENBHO Ha MOEI FOJIOBE €CTh HECKOJIBKO 10
6aecka oriuindosanHbix MecT. O TeopeMe Jlarpatika, fa U BooOIe 0 TPyIIax s y3Ha
oT Annbl [leTpoBHBI MUINMHOMN, a PO KJIacCHUKAIIAIO MPOCTHIX Toseit — oT IOpwus
MBaHosuua ManuHa. I[ToHnMaHueM BaKHOCTH UCTOPMK MaTeMaTUKK s 00si3aH Buiau-
mupy Mropesuuy ApHOJIbiLY, a 00 OCHOBaHUAX apuMMETHKN y3HAJ 13 KHUTH « Teoperu-
yeckas apudmMeTuKay ero oria, Mrops Baagumuposnya ApHosbaa.

Ot moero yuuresist, Asekcanpa CamyunoBnda 3aBajbe, UIeT MOs JTI060Bb K IPeKaM.
Korga mHe 66110 14 J1eT, OH 1mocoBeToBaJ MHe unTaTh [1atoHa, 0cOOEHHO TOPEKOMEH-
nosaB «IIup» B mepeBome Cosomona Koncranrtunosuya Anrta. Cryerst 50 siet st mmo-
npeskHeMy Bito6ieH B [TnaTona u cunraro «ITup» courmHeHrneM MouTH GOKECTBEHHBIM.

B Amepuke s paboTal ¢ HeJbIM PSIA0M 3aMedaTesIbHbIX IPOrPaMMUCTOB U MHOIO-
My OT HUX HAy4MJICsI, HO MOMM HACTOSIIAM YUUTEJIEM [TPOrPAMMUPOBAHUs ObLI AJleK-
cauap Muxaiinosud [ypesud, T71aBHBIN KOHCTPYKTOP YIPABJISIONIEN BEIUUCIUTETbHON
mammtbl TA-100. Y Hero g Hayuuniicst HeoGX0AUMOCTH pa3padaTbiBaTh OPTOrOHAIbHBIE
U MUHUMAaJIbHble HHTeP(ENChl 1 IeCATKU pa3 IePEchiBaTh KO/, 100MBasCh KPaCOThI
Y ONTUMAJBHOCTH.

51 ¢ HeKOTOPOI POOOCTHIO OKUAAIO MOSIBJIEHNS 9TOI KHKUrk B Poccnu, crpane Moux
yUHTeNIEel, HO HAIEF0Ch, YTO OHA JIOHECET 10 MOJIOIBIX IPOrPAMMUCTOB XOTS ObI TOIUKY
TOTO YyBCTBA IIPEKPACHOTO, KOTOPBIM OJIAPUJIN MEHSI MOW HACTABHUKH.
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O yem 3Ta KHUIra

Hesosmooxncro nosnamo MUD, HE NO3HAB MAMEMAMUKY.

Pomxep Bakon. boavwoe couunenue

ITa KHUTA O TPOTPAMMUPOBAHUH, HO OHA OTJIUYAETCS OT GOJIBITUHCTBA KHUT HA TY Ke
temy. Hapsimy ¢ anroputmMamMu 1 KoJIOM BBl HaliieTe B Heil MaTeMaTHIeCcKHue J0Ka3aTehb-
CTBA ¥ UCTOPUYECKUE CBEIEHIST O MATEMATUIECKUX OTKPBITUSIX C aHTUIHBIX BPEMEH 10
HaIINX JTHEH.

Ecnu GBITH TOYHBIM, TO 3TA KHUTA TMOCBATIIEHA 0000WEHHOMY NPOZPAMMUPOBAHUIO,
nozxoy, copmuposasiiemycs B 1980-x rogax u craBuiemMy MOITYJISIPHBIM TOCJE CO3-
nanus 6ubanoreku Standard Template Library (STL) mia ssbika C++ 8 1990-X rogax.
Mo:xHO 1aTh TaKoe OpeziesieHue.

Omnpenenenne 1.1. OGOGIEHHBIM POrPAMMHPOBAHUEM HAZBIBACTCHA MOAXO/ K TIPO-
rPaMMUPOBAHUIO, B KOTOPOM YIIOD /I€JIAeTCs HA IPOEKTUPOBAHIE TAKUX AJTOPUTMOB
U CTPYKTYP JaHHBIX, KOTOpbie pabortaju Obl B HarboJiee o01eil cutyaiuu 6e3 norepu
acdexTuBHOCTH.

Y rex, KoMy 10BOMIIOCH UCTTOTB30BaTh STL, BO3MOKHO, MeJIbKHYJIA MbICJIb: «Kak?!
Bot 210 1 ecTh 06001eHHOE IIPOrpaMMUPOBaHue? A Kak e Ia0JI0HbI, XapaKTePUCTUKU
UTEPAaTOPOB U BCe Ipouee?» A 9TO BCEro JIMIIb SA3bIKOBbIE CPEACTBA, 00ECIIeUNBAOIINE
HOAAEPKKY 0000IIEHHOr0 IporpaMMupoBanus. M xots1, 6e3yc/I0BHO, ClelyeT 3HaTh,
KaK HCI0JIb30BaTh UX 9P deKTUBHO, 0000IEHHOe IIPOrPAMMUPOBaHIe KaK TAKOBOE —
9TO OMHOWeHUe K IIPOrPaMMUPOBAHNUIO, 8 He KOHKPETHBII HabOP CPeICTB.

MbI cunTaeM, 4TO TaKOE OTHOILEHNE — CTPeMJIeHHe IIICATh KO/ CaMbIM OOIUM CIIO-
co6OM — JIOJIKHBI BOCIIPUHSATD BCe IIPOrpaMMUCTbL. KOMIIOHEHTBI XOPOIIO HAIIMCAHHOIT
0600IEHHON IPOrpaMMBbI IIPOIIE IIOBTOPHO HCIIOAb30BaTh M MOAMMDUINPOBATH, YeEM
KOMITIOHEHTBI POTPAMMBI, B KOTOPOI CTPYKTYPbI JAHHBIX, AJITOPUTMbI U HHTEPMEICh
OTSATOILIEHbI HEHYKHBIMU IIPEAIIOIOKEHUSIMU O KOHKpeTHOM npuMeHeHui. O6001eH-
Hast IPOrPaMMa OKa3bIBAETCs OJIHOBPEMEHHO TIpotiie U ahdeKTuBHEE.

1.1. NporpammnpoBaHe U MaTemMaTuKa

Tax OTKy/1a e IporcTekaet 0600IEeHHOe OTHONIEHHE K TTIPOTPAMMUPOBAHUIO U KaK €My
HayuuThest? [IponcTekaeT OHO M3 MaTEMATUKK, a TOYHEE, U3 ee Pas/esa, Ha3bIBAEMOro
obweti anzebpoil. IToObI HOMOYD BaM Pa3oOPaThest B 9TOM MOAX0/IE, Mbl Ja[lUM KPaTKOe
BBeJIeHIE B 001y 0 anreOpy, COCPEIOTOUNBIINCH Ha TOM, KaK PaCCyKAaTh 00 00beKTax
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B TepMHUHAX aGCTPAKTHBIX CBOWCTB onepaiiuii Haj HuMu. OOBIYHO STOT MPEJAMET M3yya-
eTCsl Ha MaTeMaTUYeCKUX (haKyIbTeTax YHUBEPCUTETOB, HO MBI TIOJIaraeM, YTO OH UC-
KJTIOYUTETbHO BasKEH JIUIs MOHUMaHUs 000OIEHHOTO TPOrPaMMUPOBAHUSI.

Boobiie, MuorHe (hyHIaMeHTaNIbHbIE UEH IPOTPAMMHUPOBAHUS GEPyT HAYAJIO B Ma-
TeMaTHKe. SHAHUSI O TOM, KaK 3TH M/ BO3HUKJIHM 1 PA3BUBAJINCH, TOMOKET IIPU 001y -
MbIBaHWU TIpoeKTa Tporpammbl. Hanpumep, « Havana» EBkinjia, HarrucanHbie 60JIbIie
2000 sret Ha3am, ¥ 1O Cell IeHb OCTAIOTCS OJHUM W3 JIYUITUX MPUMEPOB IMOCTPOECHUS
CJIOKHOW CHCTEMBI U3 MEJTKUX, TPOCTHIX JIJIsI TOHMMAHWS 2JIEMEHTOB.

Xorst cymiecTBo 0606IIEHHOT0 MPOrpaMMUpPOBaHust — abcTparupoBanue, abeTpak-
I[IMY — HE BOSHUKAIOT TOTOBBIMU 13 HIYEro. YToObI TTOHATH, KaK TIOCTPOUTE HEUYTO 0bIIee,
HAYaTh CJIEAYeT ¢ Yer0-TO KOHKPETHOTO. B 4acTHOCTH, YTOOBI BBISIBUTD MOAXOJSAIINE
abeTpakimy, HeoOXOAUMO MOHSATH 0COOEHHOCTH KOHKPETHOM MTPEIMETHON 00JIaCTH.

Ab6cTpakii, paccMaTprBaeMbie B 001Iel anredpe, GepyT HAYaT0 B KOHKPETHDIX Pe-
3yJIBTaTax OJHOTO M3 CAMBIX CTaPbIX PasfesIoB MaTeMAaTUKH — meopuu yuces. [loatomy
MBI TIO3HAKOMHMCSI C HEKOTOPBIMU KJIIOUEBBIMU HJIESIMH TEOPUH YHCEJT, KOTOPAst 3aHU-
MAeTCsI CBOMCTBAMU HEJIBIX YUCET U, B OCOOEHHOCTH JIETUMOCTBIO.

MbICUTETBHBIH TPOIIEce, BHIPAOATHIBAIONIMIACS TP U3YUEHUH MATEMATHKH, TTOMO-
JKET BaM YCOBEPIIIEHCTBOBATLCSA B MporpaMMupoBanuu. Ho MbI Takke MOKaKeM, 4TO
WHOT/Ia ¥ CAMW MaTeMaTHIeCKUe PEe3YJIbTaThl CTAHOBATCS (DYHIAMEHTOM COBPEMEHHBIX
MPOrPAMMHBIX TIPUJIOKEHUH. B 4acTHOCTH, B KOHIIE KHUTU MBI YBUINM, KaK HEKOTOPBIE
Pe3yJIBTaThl TAKOTO POJIa IIPUMEHSTIOTCST B KDUIITOTPAPUUECKUX TPOTOKOJIAX, JIEKAIIUX
B OCHOBE KOH(MUAEHITHAIBHOCTH B CETH U 2JIEKTPOHHOI KOMMEPITUHY.

B aT0i1 KHKUTe MBI TIOCTOSIHHO MEPEXONM OT MATEMATUKK K ITPOTPAMMUPOBAHUIO U
o6patHo. Baxkible MaTeMaTHUeCKUe UEH TEPETLIETAIOTCS ¢ OOCY/KIEHNEM KaK KOH-
KPETHBIX aJITOPUTMOB, TaK ¥ METO0B 0600IIEHHOTO MporpaMMupoBaHusi. HekoTopsie
AJITOPUTMbI MBI YIIOMUHAEM JIKIITb BCKOJIb3b, TOT/IA KAK JAPYIHUe YTOUHIeM 1 0000I1aeM
Ha TIPOTSIKEHNH BCEll KHUTH. /|Be TJIaBbl ITOCBSIIEHBI OHOI JIUIIb MATEMATHKE, a [[BE
JPYTUe — UCKIIOYUTEIHHO TIPOrPAMMIPOBAHIIO, HO OOJIBINAS YaCTh [JIAB COEPIKUT Ma-
TepUaJ, OTHOCSIIUICS K TOMY U JPYTOMY.

1.2. cTtopuyeckne cnpasKkin

Hawm Bcerzia ka3aynoch, 4To U3ydeHre CTAHOBUTCST TIPOIIE U MHTEPECHEE, €CITU MATEPUATT
[IPE/ICTABJIEH B UCTOPUYECKOM KOHTEKCTE. UTO MPOUCXOMIIO B OTIUCHIBAEMOE BPEMSI?
Kewm ObLit yuacTHUKHU COOBITHIA, KaK OHM TIPUIIINA K CBOMM ujiesiMm? Boia i pabora
OJTHOTO YeJIOBeKa OCHOBAHA HA PE3YJIbTaTaX APYroro WK HTO GBITA TTOTBITKA OTIPOBEP-
JKEHUsT MPEIECTBYIOMUX pe3yabraToB? [10aToMy, 3HAKOMSI yuTaTe sl ¢ MaTeMaTiye-
CKVIMU W/ICSIMU, MBI CTAPAEMCsI PACCKa3biBaTh 00 WX UCTOPUU ¥ O JIOJISIX, KOTOPBIE WX
BBIZIBUHYJIN. BO MHOTHX Cily4asix Mbl IPUBOAUM KpaTkue GHorpahui MaTeMaTHKOB,
CHITPABIIUX IJIABHYIO POJIb B OMMCHIBAEMOU UCTOPUU. ITO HE UCUEPIIBIBAOIIIE SHITHK-
JIOTIE/IMIECKUE CTAThH, & BCETO JIUIIIb TOTBITKA TIOTPY3UTh KOHKPETHBIX JII0/Ieil B UCTO-
pUYECKAI KOHTEKCT.

XOTst MbI TPUBEPIKEHBI KCTOPHUYECKOMY B3IJISILY HA BEIIH, 3TO HE O3HAYAET, YTO KHUTA
3ajlyMaHa KaK MCTOPHsI MATEMATHKK WJIK YTO OMMCAHHbBIC B HEll W/IEH TPEJACTABJICHBI B
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XPOHOJIOTUYECKOM TTOPAZIKE. Korna HeO6XO[[I/IMO, MbI CBO6OI[HO TepeMeniaeMcsd 1Mo BeKaM
" CTpaHaM, HO B JI060M CJay4dae CTapaeMCA IMPpeACTaBUTD BCE N/IEN Ha UCTOPUYIECKOM (I)OHG.

1.3. TpeboBaHns K 4YnTaTeAlo

[TockousibKy 3HAUMTEIbHAS YACTh KHUTHM TOCBSIIEHA MAaTEeMaTHUKe, Y BaC MOKET CJO-
JKUTBCSL BIIEUATJICHWE, YTO /IS €€ TIOHUMaHWS HY’KHA OCHOBATEJbHAs MaTeMaThde-
cKkas oATroTOBKAa. HO XOTS yMeHMe JIOTHYeCKU MBICJIUTD TpernoaracTcs (BIpodeM,
3TO B JTIOOOM CiTydae HeOOXOAUMO, YTOOBI CTATH XOPOIINM MTPOTPAMMUCTOM ), HUKAKUE
3HAHUS CBEPX ITKOJBHON MPOrpaMMBI 0 asirebpe u reoMeTpun He TpebyroTes. B iByx
pasiesiax MoKas3aHbl IPUJIOKEHUS, B KOTOPBIX UCIIOIb3YIOTCS 2JIEMEHTDI IMHEHHOMN aji-
reOpbI (BEKTOPBI U MATPUIIHI ), HO UX MOKHO 0e3 yiepOa JIJist MIOHUMAHUS TIPOIYCTUTD,
€CJIM BTU TIOHSITHUSI BaM HE3HAKOMBI. B mpuiiokeHnn A 0OBSICHSIOTCST UCIIOJIb3yEeMbIE
0603HAYCHUSI.

Baxnas yactb MaTeMaTUKU — yMeHue CTPOUTD (popMaiibHOE 10Ka3aTeIbcTBO. B 910l
KHUTE [0Ka3aTeJIbCTB HeMasio. YuTath ee Oy/IeT MPOIile, eCIIH BbI YK€ BCTPEUAIHCH C /10~
Ka3aTeJIbCTBAMU — B MIKOJBHOM reOMETPUH, B JIEKIUAX 110 TECOPUHU aBTOMATOB B Kypce
UHGOPMATUKY UM MAaTeMAaTUYeCKOi JOrMKU. MbI Onrcasu HECKOJIbKO CTAaHAAPTHBIX
MIPUEMOB JIOKA3aTeIhCTBA — € IPUMEpPaMu — B IPUJIOKEHNH B.

Mpbr TipeziiosiaraeM, 9TO pa3 Bl YUTAETe 3Ty KHUTY, TO YiKe SIBJISETeCh MPOrpaM-
MuCTOM. VI B 9aCTHOCTH, IOCTATOYHO XOPOIIO 3HAKOMBI ¢ KAKUM-HUOYb TUITHYHBIM
MMIIEPATUBHBIM S3bIKOM IIporpammupoBanus, Harpumep C, C++ nian Java. Bee namm
npuMepbl Hancanbl Ha C++, HO Mbl OXKUJIAe€M, YTO BB CMOYKETE UX MMOHSATD, JasKe eCIn
HUKOT/Ia PAHbIIIEe He TTPOTPAMMUPOBANIN HA 3TOM 3biKe. KOHCTPYKIINN, YHUKAJIbHBIE
st C++, o6bsiciensl B ipusioskerun C. Mbl yOekIeHDBI, 4TO 06CY/KIaeMble B KHUTE
MPUHITUTIBI TPUMEHUMBI K TTPOTPAMMUPOBAHUIO B TIEJIOM, a HE TOJIBKO K S3bIKy C++.

MHorne paccMaTpruBaeMble B 9TON KHIUTE BOMPOCHI 00CYKAAIOTCS O/ IPYTUM YTIIOM
spenus u 6osee popmasibho B kKHure «Elements of Programming» Crenanosa u Mak-
mKoHca. Jljst ynraresieit, skesaonmx 6osee riyboKo pa3odparbest B TeMe, OHa CTaHeT
MOJIe3HBIM JloTIosHeHreM. [[0aTOMy B HEKOTOPBIX MeECTax MbI OTCBIJIAEM UHTEPECYTO-
IIUXCST YUTATEIeN K COOTBETCTBYOINM pasjiesiaM kauru «Elements of Programmingy.

1.4. NMAaH KHUMM

Ilepen TeM Kak MEPEXOMUTH K JIETAJISIM, TIOJIE3HO COCTaBUTH O0IIlee MpPe/ICTABIEHIE
0 TOM, 9€TO MBI COOMPAEMCST IOCTHUb.

O B rmaBe 2 namaraetcst ICTOPHS IPEBHETO AJITOPUTMA YMHOKEHUS M PACCKA3bIBA-
€TCsI 0 TOM, KaK €T0 MOKHO YJIyUIIUTb.

O B raBe 3 MBI OnHIIeM HEKOTOPbIE PaHHUE HAGIOACHNUST, KACAIONIUECsT CBOMCTB
qHCes, ¥ paccMOTPUM 3hMHEKTUBHYIO Peaynu3aInio aIropuT™Ma OUCKa TTPOCTHIX
YHICeL.

O B ryaBe 4 MbI TO3HAKOMUMCSI C AJITOPUTMOM HAXOKIEHUST HAOOJIBIIIETO OOIIETO
nenurens (HO/), KOTOpPbIii JISZKET B OCHOBY HEKOTOPBIX HAIIUX MOCJEAYIONNUX
abCTPAKIUI U IPUJIOKEHUIL.
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ImaBa 5 mocBsIeHa MaTEMaTHIECKUM PE3yJIbTaTaM, B TOM YUCJIE IBYM TEOpe-
MaM, BaKHEHIIast POJIb KOTOPBIX CTaHeT ICHA OJIMsKe K KOHIY KHUTH.
B rnase 6 npusoanTCcs BBEAEHNE B OOILYIO anreOpy, SABISIONLIYIOCS NCTOUHIKOM
camoii uzen 0600IEHHOrO IPOrPAMMUPOBAHKSL.
B riaBe 7 nokasano, Kak 9TH MATEMaTHYECKUE MEH TTO3BOJISTIOT 0000TIHTH airo-
puUTM apudMETHIECKOTO YMHOKEHHST YMCET HA PA3JIUYHbIE TIPOTPAMMHBIE TIPH-
JIOKEHUSI.
B rnase 8 BBO#ATCA HOBBIE aOCTPAKTHBIE MATEMATUYECKUE CTPYKTYPBI U 00BSIC-
HSAETCS, K KAKUM HOBBIM TIPUJIOKEHNSIM OHU BE/IYT.
I'maBa 9 nocesmIeHa aKCHOMATUYECKUM CHCTEMAM, TEOPUSAM U MOJIEJISIM — BCE 9TO
9JIEMEHTBI 0O0OIIEHHOTO IIPOrPAMMKUPOBAHUSL.
B rmase 10 manaraiorcs KoHnenuuu 0600MEHHOTO TIPOTPAMMIPOBAHUS U Pac-
CMaTpPUBAIOTCA TOHKOCTH HEKOTOPBIX, Ha MIEPBLIN B3I, IPOCTHIX 3a/1a4.
B rimase 11 npogomskaercs usydenne psaa GyHAAMEHTANbHBIX 33129 MPOrPaM-
MMPOBAaHUSI M TOKa3bIBAETCH, KaK MOKHO BOCIIOJB30BATHCS TEOPETHYCCKUMU
3HAHMSAMU O TPOOJIEME UIST OCTPOEHMUST Pa3JIMIHBIX MPAKTUYECKUX PeaTnu3ariuii.
B rnase 12 paccmarpuBaeTcst BOIPOC 0 TOM, KaK allapaTHble OTPaHUIEeHNST MO-
TyT CTaTh CTUMYJIOM JIJIS1 BBIPAaOOTKM HOBOTO TIOAXO0/a K CTAPOMY aJITOPUTMY, 1
JEMOHCTPUPYIOTCs HOBbIe npuMenerns HO/I.

O B rmase 13 MaTeMaTH4ecKHMe M alTOPUTMHUYECKHME PE3YJIBTATBI COBMECTHO HUC-

MOJIB3YIOTCSA IS TOCTPOECHHS BAKHOTO KPUNTOTPA(GUIECKOTO MPUITOKEHHS.,

O B riase 14 MOABITOKUBAIOTCS OCHOBHEIE HJIEN, PACCMOTPEHHBIE B KHITE.

Ha mpoTskeHnn Beell KHUTH MaTeMaTHKa IIEPEIIeTaeTCs ¢ IpOrpaMMUPOBaHIeM,
XOTSI B OIHOM-IBYX TJIaBax CJIEAbI TOTO MJIH JAPYTOTO MOTYT HEHaZ0TO TepaThes. Ho
KayKIast TJIaBa MIPAeT CBOIO POJIb B CJIEAYIONIEH HENoYKe PacCy KACHUN, KOTOPast MO/
BOJIUT UTOT KHUTE:

©c 0 0 O ©

@)

Ymobovr cmams XOPOUUM NPOZPAMMUCTIOM, HEOOXO0UMO NOHUMAMD NPUHUUNDL
obobuennozo npozpammuposanus. Imobor nonumamo npuruunv 0606ueHHO-
20 NPOZPAMMUPOBAHUSL, HYICHO NOHUMAMD abcmparyuu. Imobvl nonumamo ad-
CMPAKUUIL, HYICHO NOHUMATNY LENCAULUE 8 UX OCHOBE MATNEMATNUUECKUE UOCH.

ITO U eCTh NCTOPUA, KOTOPYIO MbI CO6I/IpaeMCH PpacCra3aThb.
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[NepBbii anropTMm

Mouceii 6vicmpo usyuun apugpmemury u zeomempuio.
..ImMo 3nanue on NOUEPNHYN Y ezunmsi, KOmopoie
nOUUMANU MAMEMAMUKY NPesbiule BCeX HAYK.

Duson AnekcanapuiicKuii.
«Kusnv Mouces»

ATOPUTMOM HasbIBaeTCs KOHEUHAS TOCIEI0BATETBHOCTD MIATOB TI0 HaXO/K/ICHUIO Pe-
IIEHUS BEIYUCIUTENLHON 334, AJITOPUTMBI HACTOJIBKO TECHO ACCOIUUPYIOTCS C TIPO-
rpaMMUPOBAHKEM KOMIIBIOTEPOB, YTO OOJIBITUHCTBO JIIO/IEH, 3HAKOMbIX C 9TUM CJIOBOM,
BEPOSITHO, CYUTAET, YTO M caMa M/esT aITOpUTMa BO3HIKIa B mHbopMatnke. Ha camom
JKe JIeJie QJITOPUTMBI CYIIECTBYIOT YoKe ThICSUH JieT. MareMaTika U300UIyeT ajJrfoOpyT-
MaMH, I HEKOTOPLIMU M3 HUX MBI TIOJIb3yeMCsI eKeTHeBHO. /aske N3ydaeMblil B Hada -
HBIX KJIAcCaX CIIOCO0 CI0KEHUSI MHOTO3HAYHDIX YMCEI — AJITOPUTM.

HecmoTpst Ha MOJITYI0 UCTOPUIO, TIOHSATHE AJITOPUTMA CYIIECTBOBAJIO HE BCET/IA; €TO
HeoOX0nMo ObLT0 n306pecTr. MbI He 3HaeM, Korja ObLT K300PETEH MEPBbIN aJITOPUTM,
HO 3HaeM, uTo B /[peBHem Erurnre onu cyniectBoBasu o Mmenbineir Mepe 4000 et Hazaz.

£ £ £

[lpeBHeernmerckas nuBUIM3aIug chopMupoBaiach BOKpyr pekn Hu, a cesnbckoe
XO3STUCTBO B HEll 3aBUCENIO OT PasjivBOB, yaoOpsioomux mouBy. [Ipobiema cocrosia
B TOM, UTO KasK/IbIHi pa3inB Husa cMbIBas Bee BEIIKH, OTMEYAIOIIHE TPAHUIIBI 3¢MEJIbHBIX
y4acTKoB. ETUNTSAHE, MCIIOTH30BABIINE [ITs1 U3MEPEHUS PACCTOSHUI BEPEBKU, TTPULY-
MaJIu MIPOIIELY PbI, TIO3BOJIAIONTNE CITPABIATHCS C 3AMUCAMU U BOCCTAHABJINBATD TPAHU-
1Bl YYACTKOB. 3a 9TO OTBeYaa 0cobas rPyIIna JKPeIoB, U3yYaBIINX COOTBETCTBYOIINE
MaTeMaTUYeCKUe METO/bl; OHU HA3bIBAINCH «HATATUBATEISMU BEPEBOK», UJIN Tapiie-
noHantamu. [lo3:ke Tpexn Ha3BaIN UX 2€0MEeMPaMmi, TO €CTb «U3MEPUTEIISIMU 3EMITU>.

K coxaznenuio, cBeileHUil 0 MaTeMaTHYECKUX 3HAHUSAX ETUIITSH COXPAHUJIOCH He-
MHOTO. JIUIIb /[Ba OTHOCSIIMXCSA K MaTeMaTUKE JOKYMEHTA JIONJIA /10 HAITUX THEH.
WNurepecytommii Hac HasbiBaeTcss «Marematnyeckuil nanupyc Punma» — 1no nmenu
HIOTJIAH/ICKOTO KoJiekimonepa XIX Beka, KoTopbiit Kymui ero B Erunre. IToT I0KY-
MEHT, HalTUCaHHBIN TpuMepHO B 1650 roy 70 H. 3. TIHCIIOM TT0 UMEHH AXMeC, STBIISIETCST
cOOPHUKOM 3a/1a4 10 apu(MeTHKe 1 TEOMETPHUH, a TAKKE BKJIIOUAET Psijl TabJIHIL [IJIst
BBIUKCJICHWH. B 4mciie mpodero aToT CBUTOK COEPKUT MEPBbIE TUChbMEHHO 3a(hMKCHPO-
BaHHDIE AJITOPUTMBI — CIIOCOOBI OBICTPOTO YMHOKEHUS U Jlesiehust. Haurem ¢ paceMor-
PEHUsT aJIropuTMa OBICTPOTO YMHOKEHUSI, KOTOPDIN, KaK Mbl YBUMM HUKE, U B HAIlle
BpeMs OCTaeTCsl BaXKHOM TEXHUKON BbIUUCJIEHUH.
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2.1. ErnneTtckoe ymMHo)XeHue

B erumnerckoii cucteme cuuciennd, Kak 1 B CUCTEMaX BCeX MIPOYUX IPEBHUX IIUBUITH3A-
1Wii, He UCTIOJIh30BAIaCh MO3UIIMOHHAST HOTAIMSE U OTCYTCTBOBAJ CIIOCO0 JIJISA TIPEJICTaB-
senust HyJst. [ToaToMy yMHOKeHHe ObIJIO YPE3BBIYANHO CJIOKHOI orepariueii, JocTyr-
HOM JIMIIIb HEMHOTHM CIIEIUATBLHO 00YYEHHBIM JIOAM (TIPEACTaBhTE, Kak Obl BbI CTAIN
MepeMHOKATh GOJIBIINE YK, HE UMest HIYET0, KPOMe PUMCKON CHCTeMBbI 3aricn ).

Ho kax mp1 onpeznesisem ymHoxkenue? Eca ToBopuTh HeOpMATbHO, TO «CIOKUTD
HEUTO ¢ CaMUM cO00iT OTIpeieIeHHOe YncIio pas». DopMaibHO ke MOKHO BBIJIETUTD /1B
cayvast: yMHOKeHHe Ha | 1 yMHOKeHHe Ha 9rcio, bobiiee 1.

YmHoxenue Ha 1 ompeziesigercs Tax:

la=a. (2.1)

[lasee Hy’KHO pacCMOTpeTh CIy4yai, KOr/la Mbl XOTUM BBIYMCJIUTD TPOU3BEICHIE YoKe
BBIUMCJICHHOTO pe3yJbTaTa M ellle OHOTO 3K3eMILIsIpa umnciaa. Hexoropsle unrarenm
Y3HAIOT B 9TOM TIPOTIECCE MHYKITHIO; TT035Ke MBI OTIATIIEM 9Ty TEXHUKY HGoJiee (HOPMaTHHO.

(n+1)a=na+a. (2.2)

Opun 13 ctoco60B YMHOKHUTE 7 Ha @ COCTOUT B TOM, YTOODI 72 pa3 CIOKUTH d C ca-
MuM co6oit. OIHAKO eCII YUCTa BEJTMKI, TO 9TO MOJKET OKa3aThCsT OU€HD TPYIOEMKIM
TEJTIOM, TIOTOMY uTO Heobxoanmo 7 — 1 croskenuit. Ha C++ aToT aIropuT MOJKHO 3aTTHi-
carTh Tak:

int multiply0(int n, int a) {
if (n == 1) return a;
return multiplyO(n - 1, a) + a;

CTpoku Kozga cooTBeTCTBYIOT BhipaxkeHuam (2.1) u (2.2). O6a uncia a u 7 JOJKHBI
OBITH TIOJIOKUTETIBHBI, & APYTUX YUCET IPEBHUE CTUTITSHE W HE 3HAJI.

Ornucannplii AXMECOM aJTOPUTM — JPEBHUE TPEKH HA3BIBATH €r0 «ETUMETCKUM
YMHOKEHHEM», & MHOTHE COBPEMEHHbIE aBTOPBI «AJITOPUTMOM PYCCKOTO KDPECTbSHHU-
Ha»! — OTpaeTcst Ha CJeIyioliee TOXK/AECTBO:

4da=(((a+ta)+a)ta
=(a+a)+(a+a).

B ocnoBe aToit OIITUMU3AIUN JICJKUT ITPABUJIO aCCOITUATUBHOCTU CJIOKEHU !

at+(b+c)y=(@+b)+c.

! Mmuorue CIIeaJInUCThbI 110 I/IH(I)OpMaTI/IKe y3HaJ/ 9TO Ha3BaHUE N3 KHUTU KHyTa «I/ICKyCCTBO

IIPOrPaMMUPOBAHUS», TJle TOBOPUTCH, YTO IyTeniecTBylomue o Poccun XIX Beka Bujenu,
KaK KPECThsTHE TT0JIb3YIOTCsI 9TUM aaroputMoM. OHaKo MepBoe yIoMuHaHKe 00 9TOH HCTOPUN
BcTpevaetcs B usnannoil B 1911 roxy kuure capa Tomaca Xuta, KoTopblil numet: «MHue co-
001N, YTO ATOT METOJL UCIIOJIb3YETCA U CeroAHs (HEKOTOpbIe TOBOPAT, uTo B Poccun, HO s He
CMO2 3MO NPOBEPUMD)...>
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ITO MO3BOJISIET HAM BBIUUCJIUTH CYMMY @ + @ TOJIBKO OJIUH Pa3 1, 3HAYNT, YMEHDBIITUTD
KOJINYECTBO CJIOKEHUIL.

W est 3aKI09aeTCst B TOM, YTOOBI, TIOBTOPHO YMEHbIIIAst BABOE 7 U YBaUBAas d, BbI-
YHUCTATh CYMMY KOJIMUECTBA HK3EMILISIPOB, KPATHOTO CTEIEHsIM JBOIKU. B To Bpemst
AJITOPUTMBI HE OTMCHIBAJINCH B TEPMITHAX MIEPEMEHHBIX TUIIA @ U 71; ABTOP MIPOCTO MPH-
BOJIUJI TIPUMEDP U TOBOPUJIL: «A JIJIST APYTUX YUCEN MOCTYIA TOYHO Tak XKe». AXMec He
OBIT UCKITIOUEHHEM; OH TTPOJIEMOHCTPUPOBAI AJITOPUTM, TPUBES CIEAYIONTYIO TaOIHITY
1t ymHOKeHws 7 = 41 na a = 59:

1 v 39
2 118
4 236
8 v 472
16 944
32 v 1888

Ywucna B 1€BOM CTOJI6II€ — CTeleHun 2, Kaka0€e 4Y1MCJIO B IIPpaBOM CTOJI6II€ (KpOMe
HepBOFO) B/IBOE 6oJblIIe CTOAMEro npAMO HaJll HUM (CJIO)KBHI/IG YycIIa ¢ caMuM coOoi —
CPAaBHUTEJIbHO ITPOCTaA onepauI/m). LII/ICJL’:l, IIOMeYeHHbIE TAJIOUKON B cpeaHeM CTOJI6II€,
COOTBETCTBYIOT €/IMHNYIHBIM ouTaMm B JABONMYHOM IIPpeACTaBJECHHUN YU CJIa 41. HpI/IBe,ZIeH-
Hasd Ta6JII/IH3., 110 CYHIECTBY, O3HAYACT:

41 %59 = (1 x59) + (8 x 59) + (32 x 59),

pUYeM KaKI0€e YICJIO B TIPABOI YaCTU MOKHO TIOJYYUTh YIBOEHUEM 59 HYKHOE YUCIIO
pas.

AJITOPUTM JIOJIZKEH TPOBEPSTD, SABJLETCH 7 YCTHBIM MJIM HEYETHBIM, TI0ITOMY Mbl
MOZKEM TIPEJIITONIOKUTD, YTO ETUIITSIHE 3HATIA 00 ATOM PA3JIMUII, XOTST TIPSIMBIX JIOKA3a-
TeJbCTB y HAc HeT. OIHAKO JipeBHUE TPEKH, YTBEPKIABIINE, YTO Y3HAJIN O MaTeMaTHKe
OT eTHITsIH, 6e3 COMHEHUsI 3HAJIM O HeM. BOT Kak OHU ONpeesisiim’, sIBJSIeTCST YUCII0
YeTHBIM UJIM HEYETHBIM (B COBPEMEHHO HOTAIINH )2

n=g+g = even(n);
n—1 n-1
n=——-+——+1 = odd(n).
2 2

Mpbl Tak:Ke BOCIIOJIb3YeMCs CIeIYIONIUM CBOMCTBOM:

odd(n) = half(n) = half(n — 1).

' 9ro onpenenenue Berpevaercs B garupyemoit I Bekom pabore Hukomaxa us Iepacol «Beene-

Hue B apudmeTnky», kaura I, rmasa VII. On numer: «HE€THbIM Ha3bIBA€TCS YHMCI0, KOTOPOE
pasjiesisieTcs Ha /[Ba PABHbIX U He COJEPKUT eJINHUIIBI B CEPEANHE; & HEUETHOE UNCIIO HE MOKET
Pa3zesAThbCAa Ha IBa PABHBIX M3-3a IMTPUCYTCTBUA €AUMHUIIBI B CEPEANHE> .

2 CUMBOJI = YUTAETCsI «BJIeUeT 3a co00it». CBOJIKa MaTeMaTU4eCKUX 0003HAYEHU, UCTIOJIb3Ye-
MBIX B 9TOI KHUTE, TIPABeIEHA B IPUJIOKEHIH A.
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BoT Kak MOKHO BBIPa3UTh ETUTIETCKUH aJTOPUTM YMHOKeHUs Ha C++:

int multiplyl(int n, int a) {
if (n == 1) return a;
int result = multiplyl(half(n), a + a);
if (odd(n)) result = result + a;
return result;

Jlna peanusaiun odd (X) JOCTaTOYHO IIPOBEPUTDH MJIAAIININA OUT X, a JIJIs peajnusalun
half(x) — cCIBUHYTD X HA OJIUH Pa3pPsIl BIIPABO:

bool odd(int n) { return n & 0x1; }
int half(int n) { return n >> 1; }

CKOJIBKO CJIOKEHUE To/sKHA OyieT BeInoHuTh yHKims nultiplyl? ITpu kasmom
ee BBI30BE BBITIOJIHSIETCS CIOKEHVE, 0003HAUEHHOE 3HAKOM + B BbIPasKeHUM a + a. [1o-
CKOJIbKY B ITpOIlecce PeKyPCUU MbI YMEHbBIIIAeM 3HaYeHMe 1 BJIBOE, TO BCero (hyHKIIUS
Gyznet BoizBana log 7 paz'. A B HEKOTOPBIX CJyyYassX MPUAETCS €IIle BBITIOJHUTD CJA0Ke-
Hue, 0603HAYEHHOE 3HAKOM + B BhIpaskeHun result + a. Takum ob6pasom, ob1iiee Yucyio
CJIOKEHUH paBHO:

#+(n) = [logn| + (v(n) — 1),

rae v(n) — KOJIMYECTBO €MHUIL B IBOMYHOM TIpezicTaBieHuu n (6ec Xammunea). Cre-
JIOBATEJIbHO, MBI CBEJTM AJITOPUTM CO CIOKHOCTBIO O(77) K alTOPUTMY CO CJIOKHOCTBIO
O(log n).

Aagercd am aTOT asropuT™M onTUMaibHbIM? He Bcerpa. Harpumep, mpu ymHOXKe-
Huu Ha 15 npempiayias hopMmysa 1aeT Pe3yabTrarT:

#+(15)=3+4-1=6.
Ho MOKHO yMHOKHUTB Ha 15, BBITIOJIHIB BCETO J CJOKEHHIA:

int multiply by 15(int a) f{
int b= (a +a) +a; // b==23%
int ¢ =b +b; // c==6*a
return (c + c) + b; // 12%a + 3*a

Takas I10CJIe/10BATEJIbHOCTD onepaunﬁ Ha3bIBACTCA uenoukod caoxcenuil. B manHOM
CJIydac MbI HalllJIM OIITUMaJIbHYIO IIEIIOYKY CJIOKEHUI UL YMHOKECHUW S Ha 15. Tem He
MEHee aJITOPUTM Axmeca A0CTAaTOYHO XOpouI AJIs OOJIBIINHCTBA HpHMEHeHHﬁ.

YnpaxHenue 2.1. HaiiTu ontuMa/ibHble IEOUYKH CI0KeHni 11 Becex < 100.

Bo3MoskHO, YnTATEh 3aMETILI, YTO BBIYUCICHUS MOKHO YCKOPHUTD, €CJIH 0OPATUTh
MOPSATIOK aPTYMEHTOB B CJTydae, KOT/a TEPBBI 60JIbIe BTOPOro (HampuMep, BIYUCIUT

! Betomy B aroii kuure mog «log» nmonnmaercst sorapudm o OCHOBAHUIO 2, €CJIU SIBHO HE OTOBO-
PEHO IIPOTHUBHOE.
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3 x 15 nporie, yem 15 X 3). ITo JeiicTBUTENBHO TaK, U erunTsaHe 06 aToM 3Hanu. Ho mbl
He CTaHeM ceiiyac 00aBJIsATh 9Ty ONTUMH3ALIUIO, IOTOMY YTO B IJIaBe 7 9TOT aJlTOPUTM
Oyner 0000IIeH Ha ciydail, KOrja TUIIbI apryMEHTOB HeoOsS3aTeIbHO COBIALAIOT M MX
MOPSIZIOK, CJIEN0BATENHHO, HeOE3Pa3IHUEH.

2.2. YAyHWeHne aAroputma

C TOYKM 3peHUsT KOJIMYeCcTBa CJIOKeHnH Harra GyHkimst multiplyl paboraer Xopotio,
oJIHAaKO OHa BhIoJHseT |log 7] pekypcuBHBIX BBI30BOB. I10CKOIBKY BBI3OB (DYHKITHH
OOXOIUTCS IOPOTO, MbI XOTHM M3MEHUTH TPOrPaMMYy, U30aBUBIINCH OT HAKJIAJIHBIX Pac-
XOJIOB.

ITpu aTOM MBI Gy/IEM NMPUAEPKUBATHCS TIPUHITMINA <«4aCTO MHOTO pabOTHI C/le/aTh
npore, 9eM Maso». Tournee, MbI OyIeM BBIYHCIIATH BbIPAKEHNE

r+na,

rie B 7 aKKyMYJIMPYIOTCS YaCTUUHbIE TIPOU3BeAeHIs na. VIHBIMU CJI0BaMU, Mbl Oyi1eM
BBITIOJIHSATH OTIEPAIHTO YMHONCUMY U AKKYMYAUPOBAMDb, A HE TIPOCTO YMHONMCUMD. ITOT
MIPUHIIATI CITPABEJJTNB HE TOJIbKO B TPOTPAMMHUPOBAHNH, HO U B TIPOEKTUPOBAHUN TTPO-
IPaMMHOTO oOecIieueHrs 1 B MaTeMaTHKe, I/ie 4acTo ObIBaeT MPolle I0Ka3aTh OOIMil
pe3yJIbTat, YeM YaCTHBIN Cydai.

Bort kak BeiTsIsiuT Hamma (GbyHKINS YMHOKEHUS ¢ aKKyMYJIUPOBaHNEM:

int mult accO(int r, int n, int a) {
if (n == 1) return r + a;
if (odd(n)) {
return mult accO(r + a, half(n), a + a);
} else {
return mult accO(r, half(n), a + a);

}

Y aT0ll PyHKIUN ecTb UHBAPUAHT: ¥ + na = 1, + nya,, TAE T, N, U d, — HauaJbHbIe
3HAYEHUS ePEeMEHHDIX.

Mzl MOKeM elrfe yIyUINTb 3TOT KOJ, YIIPOCTHB peKypcrio. OTMETHM, UTO /1Ba PEKyp-
CUBHBIX BbI30Ba PA3JIMYalOTCs TOJBKO IIEPBBIM apryMeHTOM. BMmecTo /IByX peKypcuB-
HBIX BBI3OBOB IS CJIyYaeB YETHOTO M HEYETHOTO YHMCEJ Mbl MOKEM IIPOCTO U3MEHUTD
3HaueHue 7 [epej; peKypcue:

int mult accl(int r, int n, int a) {
if (n == 1) return r + a;
if (odd(n)) r =1 + a;
return mult accl(r, half(n), a + a);

Teneps Hata GyHKIMsT 00J1a[a€T CBOUCTBOM X80CMOB0U PEKYPCUU — PEKYPCHSI TTPO-
WCXOJIUT TOJBKO ITPU Bo3Bpate 3HaueHNd. CKOPO MBI BOCIOJIb3YeMCS 3TUM (haKTOM.
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CremnaeM iBa HAOJTIOMEHTST:

O n penxo GbiBaet paBHO 1;

Q  ecJ 7 YETHO, TO HE UMEET CMBICJIA TIPOBEPATDH, PABHO JiK OHO 1.

[ToaToMy MOKHO YMEHBIITUTH KOJTMIECTBO CPABHEHUT ¢ 1 BIBOE, €CTH TPOBEPSITH HA
HEYETHOCTD CHAYATIA:

int mult acc2(int r, int n, int a) {
if (odd(n)) {
r=r+ a;
if (n == 1) return r;
}

return mult acc2(r, half(n), a + a);

HekoTopbie TporpaMMHCTBI [yMaloOT, YTO ONTUMU3UPYONINIT KOMITUJISITOP CaM TIPO-
M3BEIET TaKUe TPeoOPasoBaHNUsT, HO 9TO PEIKO OKa3hIBACTCS MIPABIOIL: KOMITUJISITOD HE
criocobeH mpeobpasoBaTh OJAMH AJITOPUTM B [PYTOIL.

To, 4To MBI ceifuac uMeeM, ysKe HEIJI0X0, HO B KOHEYHOM UTOTE Mbl XOTUM BOOOIIE
YCTPAHUTD PEKYPCUIO U N30ABUTLCS OT HAKIAIHBIX PACXO/IOB HA BBI30B (hYHKITHU. ITO
IPOIILE CAETATh, ecJIU QYHKIHST 06J1aaeT CBOMCTBOM CTPOTOi XBOCTOBOI PEKYPCHH.

Onpeaenenue 2.1. ToBopsrt, uto GyHKIMs 00JIaaeT CBOMCTBOM CTPOrO# XBOCTOBOM
PEKYPCHH, €CJIi BO BCEX XBOCTOBBIX PEKYPCUBHBIX BbI30BaX (DOPMAJIbHBIE TAPAMETPBI
COBIIAJIAIOT C COOTBETCTBYIONUMU aPTyMEHTAMMU.

Y100l 10OUTHCS ITOTO, MBI IIPOCTO MPUCBOUM HYKHBIE 3HAYEHHUS [IEPEMEHHBIM JI0
TOTO, KaK Tepe/laTh UX PEKYPCUBHOMY BBI3OBY:

int mult acc3(int r, int n, int a) {

if (odd(n)) {
r=r+ a;
if (n == 1) return r;
}
n = half(n);
a=a+ a;

return mult acc3(r, n, a);

Teneps He cocTaBisteT TPy/a npeodpazoBaTh ITOT KOJ B UTEPATUBHBIN, 3aMEHUB
XBOCTOBYIO PEKYPCHIO IUKJIOM while (true):

int mult accd(int r, int n, int a) {
while (true) {

if (odd(n)) {

r=r+ a;

if (n == 1) return r;
}
n = half(n);

Q
1]

a t a;
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VMest OMTUMU3UPOBAHHYIO TAaKUM 00pa3oM (HYHKIINIO YMHOKEHUST C aKKYMYIHPO-
BaHUMEM, MbI MOJKEM HAITUCATh HOBYIO BEPCUIO (DYHKIIMN YMHOKEHUST, B KOTOPOiT Gy/eT
BBI3BIBATLCS BCTIOMOTATeIbHAS (DYHKIINS YMHOKEHHS ¢ aKKyMYyJTNPOBAaHUEM:

int multiply2(int n, int a) {
if (n == 1) return a;
return mult accd(a, n - 1, a);

OTMeTI/IM, YTO MbI COKOHOMMJIM Ha O/THOM O6paHIEHI/II/I K mult_acc4, Cpa3dy yCTaHOBUB
pe3yJabTaT B @ BMECTO 0.

ITo XOPOIIO BO BCEX CJIyHasX, KpOMeE CUTyallnu, KOT/la 77 AABJIAECTCS CTEIIEHbIO 2. Hep-
BbIM /I€JIOM Mbl BbIYNTaeM 1, a 9TO 3HAYUT, 4TO mult_acc4 nepegaercsa 4YncJao, ABOMYHOE
IpeAcCTaBJIeHNE KOTOPOIro COACPIKUT TOJIbKO €AMHUILIbI, TO €CTb NMEET MECTO Xy,Z[HII/Iﬁ
JJIA aJITOPUTMa cnyt{aﬁ. Yr1006bI n36€KaTH 9TOTI0, MbI ITPO/IE/Ia€EM YaCTb pa60TbI 3apaHee,
€CJIN M YE€THO: 6y11eM JICJINTD Ha /IBa (OlIHOBpeMeHHO B/IBOEC yBCJIMYMBaA d), ITOKa n HE
CTaHET HEUYECTHDBIM:

int multiply3(int n, int a) {
while (lodd(n)) {
a=a+t a;
half (n);

n

}
if (n == 1) return a;
return mult accd(a, n - 1, a);

Ho renepp @ynkima mult accéd gesaer ofHy JMIIHIO NPOBEPKY Ha 7 = 1, motomy
YTO [P €€ BbI30BE 71 3aBEJIOMO YeTHO. [loaToMy Tiepei BBI30BOM MBI €l11e pa3 pasiesinM
Ha /[Ba BTOPOI apryMeHT, YMHOXKHUM Ha JIBa TPETUI U TTOJYYMM TAKyI0 OKOHYATEIBHYIO
BEPCHIO:

int multiply4(int n, int a) {
while (!odd(n)) {
a=a+ta;
half (n);

n

}

if (n == 1) return a;

// even(n - 1) > n-1=%1

return mult acc4(a, half(n - 1), a + a);

MepenucbiBaHne Koaa

Kak mbl BUOenn Ha npumepe npeobpas3oBaHWii anroputmMa YMHOXEHMWS, NepenucbiBaHne
Koga — BaXHbIN Lwar. HUKTO He NULLIET XOPOLUMIA KOA, C MEPBOW NOMbITKA; YTOObI HAWTN Camblii
o0WNin nnu camblin apdEKTMBHLIN Ccnocob peLleHns 3aaadn, TpebyeTcs MHOro utepaumii.
Cknap yma nporpamMmmMmcTa He JOMKEH ObiTb OAHOMPOXOAHbLIM.

HacTtaeT MOMeHT, Korga B rofioBy 3akpagblBaeTcs MbiCib: «[logymaellb, ewe ogHa onepa-
umns, Kkakas pasHuua?». Ho, BO3MOXHO, Ball koA, OyAeT MHOroKpaTHO MCMOoMb30BaTbCa Ha
NPOTSXXEHUN MHOMMX JIET (HA CamMOM Aefie BPEMEHHbIE NOAENKN O4EHb YaCTO XMBYT AOMbLUE
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