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NMPEANCIIOBUE

Orta KHUra OCHOBAaHA HA HECKOJBKHUX KypcaX, IPOUYMTAHHBIX B Pa3Hble TOMbI
B HMY (HesaBucumbiii MOCKOBCKHI YHHUBepCHUTET), Bricieil mKose SKOHOMUKH
u B nporpamMmMe Math in Moscow — coBmecTHOM npoekte HMY n HUY BIII.

Pasymeercsi, KHAra Takoro o6bema, Kak 3Ta, HE MOXKET 3aMeHHTb MOAPOO-
Horo Kypca (B mByxTtomHHKe B.A. 3opuya «MartemaTHueckuil aHamus» Oojee
1300 crpanun kpymHoro ¢opmara). HekoTopble TpaauuHOHHBEIE TeMbl (HampH-
Mep, MHTerpaJbl, 3aBUCSIIHE OT MapaMeTpa) B KHUTe OMYIIEHbl, /s APYTHX
BbIOPAaHO MaKCUMaJbHO KpaTKoe H3JoXKeHHe. B yacTHOCTH, Npu Hcc/enoBaHUU
CXOMMOCTH psinoB Te#sopa A/as 3/7eMeHTapHBIX (QYHKLUHMH ynasocb 000HTHCH
0e3 CJIOXKHBIX BHJOB OCTaTOYHOIO YJ/€Ha C MOMOLIBIO HCIOJNb30BAHUS AHAJIH-
THUHOCTU. BMecTo uHTerpasa PumaHa B OOHOMEpPHOM CJiydae HCIIOJb3YETCs
uHTerpaJs, Kotopsif K. JlpefloHHe B OfHOMEpPHOM cCJlyyae HasblBaeT «HHTerpa-
JoM B cMbicsie Kolu»; mjs HayalbHOro Kypca 3TOrO XBaTaeT, a s OoJee
NPOABUHYTHIX DPa3fesoB aHajd3a BCe PaBHO MoHamoOutcs uHTerpan Jlebera,
U3JjlaraTb KOTOPHIH B HauaJbHOM Kypce HeOolpaBIaHHO.

Bripaxkato 6aronapHocts M3nareasckomy nomy HUY BIID 3a rpanToByto
MONEPKKY B MEPHUOL HANHCAHUS KHHUTH, a TakXe peleH3eHTaM, U B 0CO0eH-
Hocth B.M. BoraueBy, 3a ykasaHusi Ha cCyllecTBeHHble HeNOYeTbl B IE€PBBHIX
BapHaHTaxX PYKOINHCH.



NTTABA

BBEAEHWUE B AHAJIN3

1.1. NMPEAEJN NOCNEAOBATEJIbHOCTH

M3 mkosnpHOro Kypca Bbl 3HaeTe, UTO AeHCTBHUTEJbHbIE YUCIa — 3TO 6ecKo-
HeuyHble IeCITUYHblEe IPOOH. DTO OMpenesieHHe He CIUILIKOM CTPOroe (TOYHee ro-
BOpSl, NPH TAKOM OIpeJie/leHUH TPYyIHO ONpelesUTh apu(pMeTHUecKHe AeHCTBUS
Hal NeHCTBUTENbHBIMUA UHCIAMH U MPOBEPUTH HX CBOHCTBA HAmopoOWe pacrpe-
IeJIUTENbHOTO 3aKOHA YMHOXKEHHS1), HO MOKa UTO OyIeM PYKOBOACTBOBATHCS HM;
B JlajibHellIeM Mbl JaUM U CTPOTroe orpejeseHHe.

Kypc maTemaTuueckoro aHasv3a HauWHaeTCsl C ONpelesieHHs Mpenesa Io-
CJlel0BaTe/IbHOCTH.

Onpenenenue 1.1.1. [oBopsT, 4TO UKUCJIO @ ABJASETCS NpPEAeSOM NOCIeI0Ba-
TEJIbHOCTH J€HCTBUTEJbHBIX UHCeN {Ty}, ecu s Beskoro € > 0 cyliecTByer
Takoe HaTypaJjbHOe 4uc/a0o N, 4YTO MPH BCAKOM n > N BBINOJHEHO HEPaBEHCTBO

|z, —a| < e. O6o3Hauenue: lim x,, = a. [locsenoBaTeIbLHOCTH, UMEIOLIHE TIpe-
n—0o0

JieJ1, Ha3bIBAIOTCS CXO0SULUMUCS.

HepaBeHcTBO |z, — a] < £ PaBHOCU/IBHO IBOHHOMY HEPaBEHCTBY a, — € <
<z < ap + ¢; u"repBan (a, — €;a, + €) 4aCTO HA3BIBAIOT E£-0KPECMHOCMbIO
gyucaa a. Torna onpepnesenue 1.1.1 MoxHO nepedopMy/aMpoBath elle Tak, AJs
BCSKOH OKPECTHOCTH 4HC/a a CYLIecTByeT Takoe N, UTO x, JIeXKHUT B 3TOH
OKPeCTHOCTH NpH Bcex n > .

IIpumep 1.1.2. Ilycts z,, = 1/(2n + 3). [okaxewm, uyro lim z, = 0. B ca-

n—oo
MOM Jesie, mjsi paHHoro € > O BbiGepem HarypasibHoe N > 1/e. Torma mpu
n > N nmeeM 1 1
=——<=-<=<g
n+3 n N

¥ MOJABHO |z, — 0] = |z, | < e.



naBa 1. Beegerne B aHann3

HepBoe CBOHCTBO npepeJsia 1noc/aenoBaTeJbHOCTU COCTOMT B TOM, UTO €CJIH
OH Cyl1eCTBYe€T, TO OH €1UHCTBECHEH.

Ipennoxenne 1.1.3. [Tycmo {x,} — nocaredosamervrocmo Oeiicmsu-
meavrblx wucen, ecau lim x, =a u lim x, = b, mo a = b.
n—o0 n—o0

HoxazarteabcTBo. Paccyxxnaem ot mpoTtuBHOro: myctb a # b. Torna
MpU JOCTATOYHO MaJIBIX € OKa3blBAaeTCs, YTO £-OKPECTHOCTH TOUeK a U b He
nepecekarTcsi (Hampumep, roautes € = |a — b|/2 — cpenaiite ueprex!). 3a-
(UKcHpyeM Takoe &; TOTAA BBHUIY YCJOBHS CYILECTBYIOT TaKHe HaTypaJibHble
Nj u Ny, 4to npu BcsKOM n > N| YUCJIO X, JEXKHUT B £-OKPECTHOCTH TOUKH @
¥ BCIKOM 7. > N9 YHCJIO X, JIEXKHUT B €-OKPECTHOCTH TOUKH b; €CJIH TeNepb B3SITh
Kakoe-HHOynb n > max(Nj, Ng), TO OKaXKeTcs, UTO X, JEXKHUT OLHOBPEMEHHO
B £-OKPECTHOCTH TOUKH @ U B £-OKPECTHOCTH TOYKH b, @ 3TO HEBO3MOXKHO BBUY
Hallero Beibopa €. O

Ha npaxTuke npenesbl peako HaXoAAT MPSIMO MO ONpeeseH o, Kak B HalleM
npumepe 1.1.2; o6blUHO cBOAAT OoJsiee CJAOXKHBIe Mpefesbl K 6ojee MPOCTHIM
C MOMOILBIO MPABUJ, U3BECTHBIX NOJ OOLIMM Ha3BaHHEM <«apU(MeTHKH Ipeje-
JoB». BOT mepBoe M3 3TUX MpaBUJI.

Ipennomxenune 1.1.4. Ecau lim x, =a u lim y, = b, mo cywecmsyem
n—oo n—oo
u npedea nocaedosamenvhocmu {x, + yn}, npuuem li_)rn (Xn, +yn) =a+0b.
n—oo

HokaszateabctBo. [lycts Ham naHo € > 0. Torma BBUAY ompenesieHHst
npejiesia CYILIECTBYIOT TakHe HaTypasbHble uucia Ny u No, 4to |z, —a| < €/2,
Kak TOJbKO n > Ny, " |z, — b| < £/2, KaK TosnbKo n > Ny. [losoxkum Temnepb
N = max(Ny, Ny). Eciu tenepb n > N, T0

(@ +yn) — (@ +D)| = [(zn — a) + (yn — b)| <
<Jm—al +lyn — b < /2 +e/2=¢

910 W o3Hayaert, uto lim (z, + y,) = a +b. O
n—o0

KopoTko roBopsi, mpenes cyMMBl paBeH CyMMe MpefesioB. [IBa cienyromux
YTBep:KAEHUS MPO apU(PMETHKY Mpee/ioB N0Ka3bIBAIOTCS aHAJOTHYHO MPeJIo-
)eHuwo 1.1.4; X 10Ka3aTe bCTBO NMPENOCTABSIETCS YUTATEIIO.

Ipepnoxenune 1.1.5. Ecau lim x, =a u lim y, = b, mo cywecmayem
n—o0 n—oo

u npedea nocaedosamervrnocmu {x, — yn}, npuuem nll_{go(xn —yn) =a—0b.

Ecau lim z, = a u k — npousgosvnoe OeiicmsumenrvHoe HUCAO, MO
n—oo

cywecmsyem u npeden nociedosamenvrocmu {kxy}, npuwem lim (kz,) = ka.
n—oo

AnasornuHoe yTBepXKIeHHe BepHO W [Js Tpelesa MpOU3BeNeHHs, HO J0-
KasblBaeTCs OHO HeMHOro cJjoxHee. Jlj Hadasa oNpele/]HM ONHO IOHSTHE,
KOTOpO€e NPUTOJUTCS HaM U B JajibHeHIIeM.

10



1.1. lpegen nocnegosatenbHoOCTH

Omnpenenenue 1.1.6. [locsenoBareibHOCTb A€HUCTBUTENbHBIX uncae {x,}
Ha3bIBAETCS 02PAHUUEHHOLL, €CH BBIMOJHEHO OHO U3 ABYX CJEIYIOLIUX PaBHO-
CHJIbHBIX YCJIOBHH:

— cymectByet takoe M > 0, uto |z,| < M npu Bcex n;

— CYILEeCTBYeT TaKoi 0Tpe3oK [P; ()], 4To Bce z;, JexaT Ha 3TOM OTpe3Ke.

Jlemma 1.1.7. Ecau nocaedosamenviocms umeem npedes, mo OHQ 02pa-
Huyena.

HokasarteabctBo. [lycte lim z, = a. B31B B omnpeneseHuun npenena
n—o0

e =1 (BMeCTO eIMHHIBI 3eCb MOXKHO OblJIO Obl B3ATb W JI06OE ApPyroe Mo-
JIOXKUTEJIbHOE YHCJIO0), TIOJNydaeM, YTO CYLIECTBYyeT Takoe HaTypasbHoe N, uTo
npu BCsKOM n > N 4HCI0 T, JeXHUT Ha otpe3ke [a — 1;a + 1]. Tlockoabky
YJIEHOB TIOCJEN0BATENbHOCTH Ty, TAE N < N, KOHEUHOe YHCJO, MOJydaeM, UTo
cyuiectByet oTpe3ok [P;Q)], conepxawuit [a — 1;a + 1] u Bce z,, rae n < N.
fcHo, uto [P; Q)] comep:KUT BoOOIIEe BCE Ty, @ 3TO M O3HAYAET, UTO MOCJEN0Ba-
TeJIbHOCTh OrPaHHYEeHa. O

BOOpy}KI/IBLHI/ICb 3TOH JIeMMOM, Mbl MOXKeM [0Ka3aTh, YTO npeneJs npousBse-
AO€HUSs paBE€H MPOU3BEAECHHIO TIpeaeJIoB.

Ilpennoxenue 1.1.8. Ecau lim z, =a u lim y, = b, mo cyuecmayem
n—o0 n—oo

u npedea nocaedosamervrnocmu {x,yy,}, nputem nh—>Holo (xnyn) = ab.

HokaszateabctBo. [lo nemme 1.1.7 nocsnenoBaresnsHoct {x,} v {y,}
OTpaHUYEeHbl; TeM CaMbIM CyllecTByeT Takoe yucao M > 0, uro |z,| < M
u |y,| < M mpu Bcex n, a takxke |a| < M, |b| < M. 3amernm, uTo

|xnyn - ab| = ‘xnyn — xpb + x,b — ab‘ = ‘xn(yn - b) + (xn - a)b| <
< ‘xn"|yn_b‘+|xn_a"|b| gM'|yn_b‘+M"$n_a"
SaﬂaHI/IMCH [IPOU3BOJIBHBIM & > O, BBUAY YCJOBUSA CYLIECTBYET TakKoe Nl, qTo

|z, —a| < e/2M npu n > Nj, a takke Takoe Ny, uto |y, —a| < ¢/2M npu
n > No. Ecau nonoxxuts N = max(Nj, No), To npu n > N umeeM

|Tnyn —abl < M |y, — b+ M - |z, —a| <M - (e/2M) + M - (¢/2M) = ¢,
U BCe J0KasaHo. O

YTBepKaeHHe NpPO Ipeles YaCTHOIO TaKxXkKe BepHO, HO TpeOyeT HeKOTOPOH
aKKypaTHOCTH B (DOPMYJIHPOBKe.

IIpennoxenune 1.1.9. Ecau li_)rn Tp=a U li_)m yn = b, npuuem b # 0,

mo cywecmsyem u npeden nociedosamesvHocmu  {Tyn/yn}t, npuuem
(@n/yn) = a/b.

lim
n—oo

1



naBa 1. Beegerne B aHann3

HokaszatenbcTBo. [lockoMbKY x,/yn = =n(1/yn), BBULY mpensoxe-
Husi 1.1.8 nocraTouHo noKa3aTh ClAeAyIOllee:

ecan lim y, =b#0, to lim (1/y,) = 1/b.
n—oo n—oo
Jl7si moKas3aTesbCTBa TOJIOKHUM B OMpelesieHHd mpefena € = |[b|/2 > 0; Torna
CyILLeCTByeT Takoe HaTypajbHoe Ni, uto mpu n > N| HMeeM
S 1ol 2z
< |1/y

Kpowme Toro, BBuay Jemmbl 1.1.7 cymectByet takoe M > 0, 4to |y,| < M npu
Bcex n. CjenoBatesbHO, IpH 1 > N| UMeeM

1 L lyn—0| 1 | 2 1 2

— = ol = W < ol — b = sl —
Yo O Tyl L Tyal ] o] 1o] b2 7"

Tenepy nnis mansoro € > 0 Haiiiem Takoe HaTypasibHoe No, uTo |y, — b| <
< (|b|?/2)e npu n > Ny; Torna npu n > max(Nl,Ng) UMeeM

Yn \6\2 o \6\2

Bce nokasaHo. U

B dopmynuposke npensoxenus 1.1.9 Mbl (Co3HATENbHO) NOMYCTHIH OIHY
HeOpeXKHOCTb: MBI HUTJIe He OTOBOPHJIH, YTO Y, # 0 mpu Bcex m, Tak uTo, (op-
MaJibHO TOBOpS, HET rapaHTHH, UTO BbIPaXKeHUE Iy, /Y, OTpPENEJEHO MPU BCEX N.
Ota HeOpeXHOCTb Ha CaMOM [eJe HHYeMy He MellaeT: U3 [0Ka3aTeJbCTBa
NpelJIoKeHUs] BUAHO, 4TO Y, 7# O 1S BcexX m, KpOMe KOHEUHOro uucaa, a AJs
OCTaBIIErocst KOHEYHOTO UHCJIa HOMEPOB 12 MOXKHO TIPUAATH BBIPAXKEHUSIM Ty, /Yy,
NpPOM3BOJIbHBIE 3HAUEHHSI — Ha Tpejes 3TO He moBjuser. BooOuie, HH cXo-
IMMOCTb MOCJEeI0BAaTe/bHOCTH, HH 3HAaUeHHe ee Mpefesa He U3MEHATCs, eCc/u
U3MEHHTb KOHeYHOe YHCJIO ee UJIeHOB.

Ewle onHO moJie3Hoe CBOMCTBO NpeesoB U3BECTHO NOJ Ha3BAHUEM meopembl
0 08YX MUAUUUOHEPAX.

Ipexnoxenne 1.1.10. [Tycmo {z,}, {yn} u {z.} — makue nocae-
dosamenvHocmu O0elicmBUmenbHoLX YUCes, YMO Ty < Yp < 2n NPU B8CEX N

u lim z, = lim z, =a. Toeda lim y, = a.
n—o0 n—oo n—oo

HokaszateabctBo. [das panHoro € > 0 cyuiectByer takoe Nj, 4To Zp,
JIEXXUT Ha UHTepBase (a — €;a + £) npu Bcex n > N|, U cyllecTByeT Takoe No,
4TO Y, JIEXKHUT Ha HHTepBaJse (a — €;a + ¢) npu Bcex n > No. Eciin x < y < 2
M [IPH 9TOM & U z JIexaT Ha HHTepBaJie (a — &;a +€), TO U Y JEXKUT Ha ITOM XKe
HHTepBaJje; M03ToMy MpH Beex n > max(Ny, No) TouKa ¥, JeXKUT Ha HHTepBaJje
(a —e;a+¢€), 4To U TPebGOBANOCD. O

B ympaxkHeHHSIX Bbl HaijeTe elle HEKOTOPOE KOJIMYECTBO 3JeMEHTapHBIX
CBOHCTB Ipele/ioB; KpOMe TOro, B IpolLecce pelleHUs 3THUX yIpaKHeHWH Bhl
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1.1. lpegen nocnegosatenbHoOCTH

CaMOCTOSITE/IbHO OTpeNesiuTe TIOHATHE «II0CJAeI0BaTeNbHOCTh CTPEMUTCS K Oec-
KOHEUHOCTH». BceMu 3TUMHU CBOHCTBAMH U MOHATUAMU MBI B lajbHel1IeM OyaeM
CBOGOJHO M0JIb30BATHCS.

B pasnuyHbIX cUTyanusix OGblBaeT HEOOXOOMMO YCTAHOBHTH CYIIEeCTBOBaHHE
npenesa IMOCJEN0BATENbHOCTH a priori, He BBIYMC/ISAS Tpefesa B SIBHOM BHIE.
CoopmyupyeM OIUH pe3ysnbTaT B 3TOM HalpaBJeHUH.

Omnpeneaenue 1.1.11. [TocnenoBatenbHocTb {x,, } Ha3bIBaETCS MOHOMOKHO
goapacmarouieti, eciu T, < T, BCAKHH pas, Korza m < m, U MOHOMOHHO
ybovlearoujeil, ecu T, > T, BCIKAH pa3, Koraa m < n.

Onpenenenue 1.1.12. [locnenoBarebHOCTb {x,,} Ha3bIBAETCS OcpAHUUEH-
HOU c8epXy, ecJii CyllecTByeT Takoe uucao M, uto x, < M 045 Bcex n.

Uurarenio npenJiaraeTcsd CaMoCTOATENbHO NAaThb OlpeaeJ/ieHre 08p£lHLUi€HHOlZ
CHU3Y ToCJe10BaTEeJbHOCTH. HCHO, 4YTO TOCJ/eN0BaTEeJNbHOCTb OrpaHHyY€Ha TOraa
W TOJIBKO TOTH4, KOTAAa OHa OrpaHM4Y€Ha U CBEpPXYy, U CHHU3IY.

Teopema 1.1.13. Bcsaxas MOHOMOHHO 803pacmarowas U 02PAHUYEHHAS
c8epxy nocaedo8amesbHOCMb umeem npedes.

Crporo m0Ka3aTb 3Ty TeOPeMY Mbl CMOXeM TOJIBKO TOTAA, KOrAa AajuM
CTpPOroe orpeneseHHe NeHCTBUTENbHBIX YHCEJ, a TI0Ka UTO 000CHOBaHHE, KOTO-
poe MBI 1aguM, OyneT ¢ Hen30eKHOCTbIO HECTPOTHM.

Hectporoe nokasarteabctso. [lycts {,} — MOHOTOHHO Bo3pacTaio-
11asi ¥ orpaHU4YeHHas MoCJe0BaTeNbHOCTh; TOTAA HMeeTCsl TaKoe NeHCTBUTe/b-
Hoe M, uto x, < M npu Bcex n. [IpenctaBum Bce 4JjeHbl IOCAEL0BATENbHOCTH
B BUJle 0€CKOHEUHBIX NECATHYHBIX APOOEeH; MOCAeN0BATENbHOCTD LEJ/bIX YacTeH
4yuces &, OUeBUIAHBIM 00pa3oM OyeT TakxKe MOHOTOHHO BO3pacTalolleH, W Mpu
5TOM BCE€ 3TH LieJble YacTH He MpeBOCXOAAT M ; 3HAUWT, HaYMHasl C KaKOro-To
MOMEHTa BCe LieJible 4acTh OyAyT OAMHAKOBBEl U OyNyT COBMAAaTh C HEKOTOPBIM
LeJ/bIM YHCJIOM .

Hanee, y uneHoB noc/en0BaTebHOCTH, UMEIOIINX 11eJI0H 4acThio 3TO UHCJIO
m, PacCMOTPUM TepBble AeCSTHYHbIE 3HAKW TOC/e 3amsiTOd (IJs ompenesieH-
HOCTH OylIeM CYUTaTh, UTO B AECATHYHBIX 3aMUCAX OTCYTCTBYIOT OECKOHeUHble
«XBOCTbl» JeBSITOK). [loc/iefoBaTesIbHOCTh 3THX AECSITHMYHBIX 3HAKOB TaKXkKe
MOHOTOHHO BO3pacTaeT, TaK YTO HayMHas C KaKOro-TO MecCTa BCe 3TH 3HaKH
OyoyT OOUHAKOBEI, 0003HAYHUM COOTBETCTBYIOLIMH NECATHUYHBIA 3HAK 4epe3 myj.
Y uJ/ieHOB TOC/TENOBATEIbHOCTH C LEJOH 4YacTbi M W IEPBBIM JIECATHUHBIM
3HaKOM 1] pacCMOTPUM BTOpbIE 3HAKHU I[OCJe 3aNaTOH: OHM Takxke OyAyT
BO3PacTaTh U TE€M CAMBIM «CTaOM/IU3UPYIOTCSA» HA KAKOM-TO 3HaKe mg, — U T.[.

[Tonoxum Tenepnb
x =T, M| mgms3 ...

M II0KaxeM, 4TO T = lim Tnp. B camom neJie, OJiss OJAHHOTIO € > 0 CyliecCTByeT
n—00

rakoe N, uto 107 < ¢, IlycTb Homep N TakoB, 4TO y uMcia Zy CTabH-
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naBa 1. Beegerne B aHann3

JIM3HUPOBANUCh YXKe Lieslasi 4yacTb U nepBble N 3HaKOB mocse 3ansTodl. Torna
0<z—2zy <10N <¢; ecit n > N, To oueBHAHO TN < Ty < &, TaK 4TO
|z — x,| < |x — xN| < €. BBUAY Npon3BOJIBHOCTH BbIOOpA € BCe JoKasaHo. [J

1.2. MHOXXECTBA

AtoT paspes OyneT NOCBSILIEH TEOPeTHKO-MHOKECTBEHHOMY SI3BbIKY, KOTOPBIM
M0JIb3YIOTCS BCe MaTeMaTHUKH.

MHO0)KecTBO — «HauaJbHOE» MaTeMaTHUeCKOoe MOHSITHE, eMy HEeBO3MOXKHO
nath QopMmanbHOe omnpeneseHde. MHoXKecTBa COCTOAT W3 3AEMEHMO8; eCu
3JIEMEeHT = TPUHAMJIEXKHUT MHOXKeCTBY A, TO 3T0 0003HaualwT Tak: = € A
(un A > x). Ecou ke  He MpUHAI/IEXKHUT MHOXKECTBY A, TO mUIIYT x ¢ A.

J1Ba MHOXecTBa A 1 B paBHBI TOTAA U TOJbKO TOTJA, KOTJA OHHU COCTOSAT M3
TeX »Ke 3JeMeHTOB (MmoapobHee: BCIKHUU 3J€eMEHT MHOXKeCTBa A siBJsieTCs 3Je-
MEHTOM MHOXKeCTBa B U BCAKHH 3/ieMeHT MHOXKecCTBa B SBJsieTCs 3JeMeHTOM
MHOXKecTBa A).

MHoxecTBa 00bl4HO O6G03HauatoT OykBamu. Hampumep, MHOXKeCTBO mHeid-
CTBUTEJbHBIX YHCes 00bUHO 0003Ha4a0T R, MHOXKECTBO palMOHAIbHBIX YHCEeJ
00bIUHO 00603HauaoT (Q, MHOXKECTBO LEJBLIX uHcesJ OOBIYHO 0003HayawT Z,
MHOXKeCTBO HaTypaJbHBIX uuces 06bl9HO 0603HauaT N.

MHoxecTBa MOXKHO 3a1aBaTh, MEPEUNUCHUB €ro 3JeMeHTHl (eCau 3TO BO3-
MOKHO). B aToM c/iydae mepeuncisieMble 37eMeHTH MPUHATO 3aMUCHIBATh B (hH-
rypHBIX cKoGKax. Hampumep, mHoxkectBo {2,3,—+/2} cocTout u3 Tpex 3ie-
MEHTOB: YHCJa 2, YhCaa 3 M uHcaa —v/2. MOXKHO He yKasbiBaTh B (DUIYPHBIX
CKOOKaX TIOJNHBIH CITUCOK, €CJW M3 KOHTEKCTa MOHSITHO, YTO MUMEHHO MOJIKHO
BXOAUTb B MHOXecTBo. Hampumep, {1,2,...,99} — MHOXecTBO Bcex HaTypasb-
HBIX 4YHCceJ, He npeBocxonsmux 99.

MorkHO TakXKe 3a1aBaTh MHOMKECTBO KaK MHOXKECTBO 3JIEMEHTOB, YAOBJe-
TBOPSIIOILIMX OTpeNeJeHHOMY YCJOBHIO. 3aMHChiBaeTCs 3TO KaK B CJeNyIOLIEM
npuMepe:

{reR|z>3} wm {zreR:z>3}
OTO MHOXECTBO BCeX NeHCTBUTEJbHBIX 4Hces, GOJbIINX TPeX; KaK H3BECTHO,
Mo-APyroMy oHO o603Hauyaetcsi (3; +00).

Hapsiny ¢ npounmu, paccMaTprBaeTcss MHOXKECTBO, He COfeprKallee Hiu 00-
HO20 anemenma; OHO 0003HAUaeTCsl @ M HA3BIBACTCH NYCMbLM MHONCECMBOM .
Ecny Beskuii ajieMeHT MHOXKecTBa A sIBJsIeTCSl 3JeMEHTOM MHOXecTBa B, TO
3T0 o6o3Havyaercss Tak: A C B (uau B O A); B 3TOM cJjydae TOBOpsiT, 4To A
sIBJIsIeTCS noOmHoMecmaom B B. [lycToe MHOXKECTBO SIBJISIETCS TOAMHOYKECTBOM
JMI060r0 MHOXKecTBa (0ObsicHeHHe: ecsid Obl BKJOUeHHe & C A He BBINOJIHSIIOCH,

I Xots oHO M mycToe, HO MpH (JOPMAJLHOM TMOCTPOEHHH TEOPHH MHOXKECTB BCe
B HEKOTOPOM CMBICJ/Ie CTPOMTCS MMEHHO M3 Hero.
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1.2. Muoxxectsa

TO B MyCTOM MHOXECTBE HallleJsicsl Obl XOTs Obl OMUH 3JIEMEHT, He JeXKallui B A,
OIHAKO B MYCTOM MHOXKECTBE HUKAKHX 3JIEMEeHTOB er!) 2.

Ob6wedurnernuem mMHOXKecTB A M B HasbiBaeTCsl MHOXKECTBO, COCTOSIIee H3
3JIEMEHTOB, JieXKalluX B A Ui B B (MM B 060X MHOXKECTBAX OJHOBPEMEHHO —
Takoe Toxe He 3ampeiaercs). O6o3nauenue: A U B.

[lepeceuernuem MHOXKecTB A W B Ha3blBaeTCsi MHOXKECTBO, COCTOsILEe M3
3JIeMEeHTOB, Jexallux B A U B onHoBpemenHo. O6o03Hauenue: A N B.

Pasnocmoero MHOXKeCcTB A M B HasbBaeTCs MHOXKECTBO, COCTOSIILEe U3 BCEX
3JIEMEHTOB, JexKaluX B A, Ho He sexxamux B B. O6o3Hauenue: A\ B.

B 3agauax Mbl paccMOTpHUM pasjvyHble CBOWCTBA OMepaldil Hal MHOXECT-
BaMH.

Eure onHa BaxkHasi onepaunus Haji MHOXXECTBAMH, O KOTOPOH B LIKOJie OObIU-
HO He pPacCKasblBalOT, Ha3blBaeTcsl deKapmoswvim npoussederuem (WU nps-
moim npoussederuem). Tlo onpeneseHUI0 TPSIMBIM MPOU3BENEHUEM MHOXECTB
X u Y Ha3biBaeTcsi MHOXKECTBO, COCTOSIIIEE U3 BCEBO3MOXKHBIX YTOPSIOUEHHBIX
nap3 (z;y), tne x € X, y € Y. Ilpsamoe npousBeneHune MHOXecTB X U Y 0060-
3Havyaetcs X x Y. Hanpumep, npsimoe npousBenenre R x R MOXXHO H3BECTHBIM
croco60M OTOXKAECTBUTh C IJIOCKOCThIO.

CPABHEHME MOLLHOCTEWN

HyCTb JaHbl J1BAa MHOXKeECTBa A wu B; Kak BBISICHHTb, B KaKOM H3 HHX
6oJiblle 371eMeHTOB? Ecii MHOXeCcTBa KOHeuHbl (COCTOHT M3 KOHEYHOro 4ucJa
9JI€M€HTOB), TO MO2KHO 3TH 3JIEMEHTbI IIPOCTO MNEpPeCUYUTaThb. B o6uem cayydae
NOJIb3YIOTCA TAaKHM OIpedesI€eHUEM.

Onpenenenue 1.2.1. ToBopaT, uTo MHOXecTBa A U B pasHomouyHbL, €ClH
MeXAYy HHUMH CYLIECTBYeT Ouekyus WIH 83AUMHO OOHO3HAYHOe coomeem-
cmsue. JTO 03HaYaeT, YTO CYLIECTBYeT oToOpaxenue f: A — B, objanailiee
CJIelyIOLIMMH CBOHCTBAMHU:

— ecu x] # xo, TO f(x1) # f(x2);

— JUIS1 BCSIKOTO 3JIeMeHTa y € B cyllecTByeT (€IHHCTBEHHBIH BBUIY IMPEb-
LYLIEro yCJOBHsi) 3JeMeHT x € A, misi Kotoporo f(x) = y.

Ecou MHOXecTBa A 1 B paBHOMOIIHEI, Mbl OyneM 0603Ha4aThb 3TO 06CTOSI-
TeJbCTBO TakK: A ~ B. JlBa KOHEYHBIX MHOXKECTBA PAaBHOMOLIHBI TOT/IA U TOJNBKO
TOTa, KOIJla OHU COLEepKaT OJMHAKOBOE KOJMYEeCTBO 3JeMeHTOB. BoT mpumep
¢ 6eCKOHeYHBIMH MHOXKeCTBaMH.

2 B HeKOTOpBIX TeKCTaX OTHOIIeHHe «A AB/SeTCs MOAMHOKECTBOM B B» 3aMHCHIBAIOT
kak A C B, a B cayyae, xorna A copepxuTcs B B U He COBNajaeT C HUM, UCIOJAb3YIOT
ob6o3nauenue A C B; wuHorma, ¢ apyro#t cropoubl, A C B numyT 4 TOrAa, Korja
MHOXKecTBaM A U B paspelleHO COBNaaTh.

3Tlo ompenenenuio ymopspoueHHBle Mapbl (x1,%y;) ¥ (2,%2) COBNAJAlOT TOrMA
U TOJIBKO TOTZA, KOTZa | = Y1 U T2 = Y2.
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naBa 1. Beegerne B aHann3

IIpumep 1.2.2. MuoxectBa Z u N paBHOMOILUHH. B camom zmese, GHeKLHIO
f: N — Z MoXHO opraHH30BaTh CJEAYIOIIHM 00pa3om:

n |12 3 456 7 89 10..
fmylo1 -1 2 23 34 —4 5.

NubpiMu cioBamy,

l1—n
, T HeYeTHO,
fmy=1
5 7 4eTHO.

Hrak, B OT/IMUKE OT CUTYaLHUU C KOHEUHBIMH MHOXKECTBaMH, Mbl BUIUM, YTO
B Z eCTb IOAMHOXKECTBO (a HUMEHHO, N), He COoBIIajalollee ¢ HUM, HO eMy paB-
HoMmoltHoe. Ha camMoMm meJsie Tak OblBaeT C JIIOOBIM OECKOHEUYHBIM MHOXKECTBOM.

Ipennomxenue 1.2.3. Bcaxoe beckoneunoe mroxcecmso X codepacum
noomroxcecmso Y, He cosnadarouiee ¢ X, HO PABHOMOULHOE eMy.

HoxazarteabcTBo. Pa3 X GeckoHeuHO, OHO HemycTo. 3HA4YHT, Cylle-
CTByeT No KpaiHed Mepe onuH 3jeMeHT x| € X. [lockosbky X OGeckoHeuHo,
X # {x}, Tak uto B X CylIecTByeT 3/eMeHT x9 # X, U T.1. B utore nonyuur-
sl MOCJIeI0BATENbHOCTh {y}, cocTosiliasi U3 MOMapHO Pa3JHUYHBIX 3/JE€MEHTOB
mHoxkectBa X. [losmoxkum temepp Y = X \ {x;}; torna Ouekuns f: X — Y
CTPOHUTCS TaK:

x, €CJIM & OTJHUYHO OT BCEX Ty,
fz) = 0
Tptl, €CIU T = Ty, A5 HeKoToporo n € N.
Onpenenenue 1.2.4. MH0XeCTBO, paBHOMOIIIHOe MHOXKeCcTBY N, Ha3biBaeT-
CSl CUeMHbIM.

Ecin f: N — X — oOuekuusi, to, nonaras z, = f(n), NOJy4dM Takoe
PaBHOCHJIBHOE OIpelieJieHHe CUeTHOTO MHOXKECTBAa: MHOXKECTBO CUYETHO, €C/d
BCE €ro 3JIeMeHTBl MOXKHO PAacCIOJIOKHUTh B MOCJAEN0BATEJNbHOCTb I|,X9,... —
«TIePeCUUTaTh».

[Tpumep 1.2.2 moxaseiBaeT, 4TO MHOXKECTBO Z cueTHO. BoT mMeHee Gpocaio-
LIMICS B IJiasza IpuMep.

Ilpennoxenune 1.2.5. Muoxecmso N x N cuemro.

okasatenbcTBo. [lasi Besko# mapbl HaTypasbHbIX duces (p,q) UMeeM
p+q>2, ¥ I8 KaXIOro HAaTypasJbHOTO 4YWcaa n KoaudectBo map (p,q),
IJsi KOTOPBIX p + ¢ = n, KoHeuHo. Terepb MOXKHO IepecudTaTb BCe Mapbl
HaTypaJbHbIX 4Hcena (p,q) TakMM o0pa3oM: CHauyaja BCe Mapbl, AJsi KOTOPBIX
p+ q = 2; 3aTeM Bce maphl, [Js KOTOPBIX p + ¢ = 3; 3aTeM BCe Maphl, IJs
KOTOpbIX p + ¢ = 4, u T.1. Tak Kak Ha KaxK[IOM Iuare 00aBJSETCS TOJBKO
KOHEUHO€e YHCJIO YJIeHOB MOCJeN0BATebHOCTH, Hallle OCTPOeHHe KoppeKTHO. [
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1.2. Muoxxectsa

CaenctBue 1.2.6. Muoxcecmeo 7 X 7 cuemmo.

JHokaszateabctBo. Ecin f: N — Z — kakas-Hubynb Ouekuus (cyiie-

cTBylolas BBUAY npensoxeHus 1.2.2) u n — (pp,q,) — OHEKUHUSA MeXxay
N u N x N, 1o 6vekuno Mexny N u Z X Z MOXHO 3afaTb IO TNpaBUIY
n = (f(pn), fan)). O

AHasoruuHo mnokaseiBaeTcs, uto ecid A~ A’ u B~ B', to A x B ~
~ A x B

Bor ele onHO ouyeHb MoJie3Hoe (M Ha MepPBBIA B3IVIsLN HEOXHUAAHHOE) CJej-
cTBUe npenJjoxenus 1.2.5.

CnenctBue 1.2.7. Mroscecmso payuOHaAAbHbLX YUCEA CHEMHO.

JdokasartenbcTBO. BBUAY cenctBusi 1.2.6 cyiiecTByeT mocae10BaTe b-
HoCThb nap (uy, vy), BKAKOYAOLAs B ceOst BCe Mapbl LeJblX ynces. Bynem mo He#
CTPOUTH MOCJEI0BATENbHOCTD BCEX PALIMOHANBHBIX YHCE/ CENYIOMNUM 00pa3oM:
nape (up,v,) MOCTABUM B COOTBETCTBHE UHCJIO Up/Up; €Clu v, = 0 Hau ecqu
4HCNI0, PABHOE Uy, /Uy, HAM YK€ BCTPeUasoch, TO COOTBETCTBYIOLLYIO Napy Oyaem
nponyckatb. B uTore Bce nososcumesvHbie pallMOHANbHbBIE UHCIA OKAXYTCS
OpPTaHU30BAaHHBIMHU B TOCJE0BATENbHOCTh O3 MOBTOpeHU. Tenepb Bce BoOOIIIE
palMoHaNbHble YHUC/a MOXHO OPraHM30BaTb B MOCJEN0BATEJNbHOCTh TaK: HOJb,
TiepBo€e MOJIOKUTEIbHOE YUCJIO, TPOTHBOIIO/I0KHOE My, BTOPOe MOJIOKHUTEIbHOE
4HCJI0, MPOTHUBOIOJOXKHOE €My U T.I. O

Bor ellle onMH TUMHUHBIE MPUMeEp CUETHOTO MHOXKeCTBa. PaccMoTpuM Heko-
TOpOe KOHEYHOe MHOXKecTBO S; OymeM Ha3welBaTh ero aagasumom. Crosom
Haj ajhaBUTOM S Has3bliBaeTCsl MPOM3BOJIbHAS KOHEYHasl MOCJel0BaTeNbHOCTD
3JIeMEHTOB MHOXKeCTBa S.

IIpennoxenune 1.2.8. Muosxecmso ciroe Had KoHeuroim asgpasumom S
cuemHo.

IIOKaSaTeJIbCTBO. IIJIH KaxJ0ro HaTypaJbHOI'O k MHOXEeCTBO CJIOB
JJIUHBL k KOHE€YHO, TaK KaK KOHeYeH aJI(paBI/IT. HNmess 3T0 B BHUAY, MO2KHO
OpraHH30BaTb BCE€ KOHEYHbIe CJoBa B IOC/JEeN0BATE€JbHOCTb TaKUM o6pa30M:
CHaydaJla NepeyrucCJanuTb BCe CJI0BA OJIUHBI 1, 3aTeM BCe CJioOBa OJIMHBI 2 T.a. O

Ha camom nesie MOXKHO NMOKa3aTb, YTO CUETHO U MHOXKECTBO BCeX KOHEUHBIX
CJIOB HaJ CUETHBIM an(paBHUTOM.

PazobpaHHble puMeprl MOIJIM CO31aTh BIleyaT/eHHe, UTO BCe OeCKOHeUHble
MHOXKeCTBa c4eTHbl. Ha camoMm fesie 3TO COBeplIeHHO He TaK: pasHble 0ecKo-
HeuHble MHOXKeCTBa MOTYT OBbITb OeCKOHEYHbI N0-pa3HoMy. BOT oueHb BaxKHBIH
puMep.

Ipennomxenue 1.2.9. Mwuoxcecmso beckoneunbix nocaedosamenrbrocmel
u3 Hyseld u eOuHUY, He CUemHO.
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naBa 1. Beegerne B aHann3

JdokasartenbcTBo. Paccyxnasi oT mpoTHBHOTO, MPEATONOKNM, YTO Oec-
KOHEUHble TMOCJeI0BATEIbHOCTH W3 HyJed M eNUHMI[ YHaJoCh OPraHU30BaTh

B TI0OC/E0BaTENbHOCTD S|, S9,...,Sp,..., B KOTOPOH BCTpeyarmTcs BCe TI0-
ClIefloBaTeIbHOCTH, M TIOKa)KeM, 4YTO TaKoe [OMylleHHe BeleT K MPOTHUBO-
peunio.

B camom pese, mocTpouM MOCJeI0BAaTeNBHOCTb § CJAEAYIOLHUM 00pasoM.
[lepBbiii ee 37eMeHT BbiOepeM OTJIUYHBIM OT MEPBOTO 3JEMeHTa I0CAeL0BATE b-
HOCTH s; (ecaM S| HauMHAeTCsl C HYJs, TO S HAYMHAETCs C eIMHHLBl, €Cld S|
HaYMHaeTCs C eIMHHILIbI, TO s HaYMHaeTcs ¢ HyJs). BTopoil ee ajemeHT BhiGepeM
OTJUYHBEIM OT BTOPOTO 3JieMeHTa MOCAeA0BATEbHOCTH Sg, TPETHH — OTJIHUHBIM
OT TpeTbero 3JjeMeHTa I0C/eN0BaTeNbHOCTH Ss3 M T.A. [locTpoeHHass TakuM
00pa3oM I0C/1e0BaTeNbHOCTb S C HEH30€KHOCTbIO OTJAMYHA OT KaXKAOH U3 S!
OHa OTJIMYHA OT S| 10 KpalHeH Mepe B MEPBOM 3JeMEHTE, OHA OTJIWYHA OT S
o KpaiiHell Mepe BO BTOPOM 3JeMeHTe U T.A. MBI MoJy4uan HCKOMOe MPOTHBO-
peune. U

Onpenenenne 1.2.10. MHoxecTBa, paBHOMOIIIHbBIE MHOXECTBY OecKOHeu-
HBIX I0CJ/I€L0BATeJbHOCTEH U3 HyJled W e[MHHL, Ha3blBATCS MHONMECMEAMU
MOULHOCMU KOHMUHYYM.

IIpennoxkenne 1.2.11. Humepsaa (0; 1) umeem mowsnocmo KOHMUHYYM.

JlokasatenbcTBO. Beskomy neficTBUTeNBHOMY UHC/Iy H3 HMHTepBa-
sa (0; 1) MOXHO MOCTaBUTb B COOTBETCTBHE OECKOHEUHYIO MOC/eI0BATENbHOCTh
LeCATHUHBIX LHGP, T.e. a1emeHToB MHOxkecTBa {0, 1,...,9} — 3HakoB mocie
3amsiToOf B €ro NeCsiTMYHOM pa3joXkKeHHH (CUMTaeM, UTO KOHeUHas JecsiTHYHAs
IpoOb 3aKaHUYMBaeTCs Ha OECKOHEUHBbIH «XBocT» M3 Hysed). O603HAUUM MHO-
’KECTBO BCEBO3MOXKHbBIX O€CKOHEUHBIX MOCJe0BaTeIbHOCTEH NeCATHUHBIX LHpP
yepe3 D, a MHOXKeCTBO BCEBO3MOXKHBIX OeCKOHEUYHBIX MMOCJAE0BaTeNbHOCTEN U3
HyJel u eguHul — depes C.

[Tokakem cHayasa, 4TO MHOXKeCTBO D) MMeeT MOIIHOCTb KOHTHHYYM. Jl/s
3TOro moctpouM Ouexkuuio f: D — C ciaenyromum obpasoM. UToObl MOCTPOUTH
MOC/eI0BATEILHOCT HYJeH U enuHul f(o), COOTBETCTBYIOLLYH MOCJeN0Ba-
TeJbHOCTH JAECATHYHBIX LU(PP o, 3aMeHMM KaXKAyl NecATHUYHYI0 LHppy Ha
N0CJ/1e0BaTEbHOCTD U3 HYJIeH U eIUHUL TaK, KaK MOKa3aHO B TabsuLe:

01| 2 3 4 b) 6 7 8 9
0/10{110|1110|11110{ 1111101111110 11111110 111111110 111111111

Tak Kax BcsiKasi MOCJe10BATENbHOCTD Hy.}IGfI Y e[JHHHL HauuHaeTcsl Jubo ¢ HYJId,
aunbo ¢ HEKOTOpPOro KOJHU4YeCTBa (OT 1 no 8) noapsa CTOAWMX €OWHHUL, 34
KOTOPbIMH CJieAYeT HYJb, aub0, HaKOHeIl, C HEeBSITH noapsn CTOALIMX €AWHHL,
SICHO, II0 BCSIKOH ITOCJIEIOBATEJIbHOCTH Hyneﬁ W €AWHHL MOXKHO, NPHUTOM €IHWH-
CTBEHHBIM O6p330M, BOCCTAHOBUTHL COOTBETCTBYIOLLYIO ell mocJjenoBaTeNbHOCTD
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1.2. Muoxxectsa

IecATHUHBIX Uu(dp, Tak uto f sBasercs 6uekuued. (C Takoro poma «mpedurc-
HBIM KOJOM» MBI €ellle BCTPETHMCSI.)

YroO6bl 3aBepLIUTh [10Ka3aTesNbCTBO, HAM JOCTATOUHO MOCTPOUTh OUEKLHIO
mexnay D u unrepsasoM (0; 1). Haunem ¢ neMmbl.

Jlemma 1.2.12. Ecau D — necuemHoe mroxcecmeo u Z C D — cuemroe
mroxecmso, mo D\ Z pasrnomouino D.

JloKka3aTeJbCTBO JeMMBbl. Tak Kak 0O0beJUHEHHEe CUETHOI'0 U KOHEUYHO-
TO MHOXKECTB OUEBHHO CUETHO (MOXKHO MepecuUTaTh CHayaj a KOHeYHOe MHOXKe-
CTBO, a 3aTeM CYeTHOe), a MHOXKeCTBO D HecueTHO, pasHocTb D \ Z GeckoHeuHa.
CrnienoBatesibHO, KaK M B [IOKa3aTesbCTBe mpensoxkeHus 1.2.3, MOKHO HalTH
cyeTHoe MOAMHOXKecTBO Z) C D\ Z. Tak kak Z u Z| — CueTHble MHOXeCTBa,
OYeBHJIHO, YTO CyllecTByeT Ouekuusi : Z U Z; — Z; (cp. mpumep 1.2.2).
Teneps Guekuuio g: D — D\ Z MOXHO MOCTPOUTH TaK:

z, x ¢ ZUZ,

9le) = g(z), ze€ZUZ.

O

3amertuMm Tenepb, uto uHTepBad (0; 1) HAXOAUTCS BO B3aHMHO OJHO3HAYHOM
COOTBETCTBHU C MHOKECTBOM MOCJE0BATEIbHOCTEH NEeCATHUHBIX HU(P (3HAKOB
rocJie 3amnsATOH B IeCITUYHOM Pa3JioKeHHH), He UMEIOIINX «XBOCTa» M3 IEBITOK
U He COCTOSUIMX M3 OnHuX HyJed. O603HAYUM MHOXKECTBO 3JeMEHTOB D),
3aKAHUYMBAIOLIMXCS HA XBOCT M3 JEBATOK HJIM COCTOSILUMX M3 ONHUX HYJeH,
yepe3 Z. Torna Z cueTHo (B TOC/ENOBATENbHOCTH MOXKHO CHauaJsa MOCTaBHUTb
NOCJ/1e0BaTEbHOCTD U3 OAHUX HYJEH, 3aTeM — I10CJIeJ0BaTeNbHOCTh U3 OTHHUX
IEBSITOK, 3aTeM — IIOCJIeJOBATEJNbHOCTH C OLHOW He NEeBSITKOH Mepei XBOCTOM
U3 JIEBATOK ...), @ [D HecueTHO (OHO, KaK Mbl I0Ka3aJH, paBHOMOIIHO ('), JeMMa
nokaseiBaet, 4to D \ Z paBHomoiiHo D. [locko/sbKy HMeeTCsl ecTeCTBEeHHast
ouekuusi mexny D\ Z u (0; 1), Bce nokasaHo. O

CnenctBue 1.2.13. Mnoxcecmso R umeem mouyHocmo KOHMUHYYM.

HoxazarteabcTBo. OToOpaxkeHue x — 2x — 1 3agaeT GHEKLHUIO MeXIy
(0;1) u (—1;1), a oToGpaxkeHue

x
’ = 07
l -z
x .
—) <0,
x+1
3anaetr ouekuuo Mexay (—1;1) u R. O
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1.3. MHOXXECTBA (NMPOAONXKEHUE)

HecueTHOCTh MHOXKECTBA JAEUCTBUTEJIBHBIX UHUCEJ UMEeT cjaenyroiiee 6oJiee
HJIK ME€Hee€ KOHKPETHOE IPHUJIOKEHHE.

Onpenenenne 1.3.1. Uucno o« € R HasbiBaeTcss ascebpauteckum, eciu
OHO SIBJISIETCSI KOPHEM ypaBHeHUs] HEKOTOPOH cTeneHd n € N ¢ palHOHaNbHBIMU

Ko3((pHULHeHTaMH,

Yy o 4etatc,=0. (1.3.1)

Yucso, He sBJsolleecs aare6pandecKiM, Ha3bIBAETCS MPAHCYEHOCHMHbIM.

coa” + cra””

N36aBasisich 0T 3HAMeHaTeJisl, MOXKHO CUMTATh, YTO BCe KOIP(DHUIMEHTH ¢;
B sieBod udactu (1.3.1) sBASOTCS LEJBIMH YHMCIaMH, 4TO Mbl H OyneM naJjee
NpeAnoaararTh.

Teopema 1.3.2. TpancyernOenmHobie 4UCAQ CYULECMBYIOM.
Mbl BeIBesieM 3Ty TeopeMy U3 CJeAYIOLLero NpesoKeHUs.
Ipennomxenue 1.3.3. Mroxecmso arcebpauvueckux uucea cuemno.

Taxk Kak MHOXKeCTBO BCeX AEHUCTBUTEJ/bHBIX UHCEJ HECYETHO, TO MPEeNJsoKe-
Hue 1.3.3 neficTBuTenbHO BJaeueT Teopemy 1.3.2.

Jloka3aTenbCTBO MpeasoxXeHHs. [lokaxem, 4TO MHOXKECTBO MHOTO-
4JIeHOB OT OJHOTO MEePEMEHHOTr0 ¢ LeJbIMH KO3 (UIlMeHTaMu (T.€. JIeBbIX YacTel
ypaBHeHus (1.3.1)) cueTHo. B camMmoM nesie, MHOXECTBO MHOTOUJIEHOB CTENEHH 1,
T.e. map kK03(pduureHToB (co, €] ), PABHOMOILIHO MHOXKECTBY Z X Z 1 TeM CaMbIM
CYETHO; MHOKECTBO MHOTOUJIEHOB CTeIeHH 2, T.e. TPoeK (cp, €|, C2), PABHOMOLL-
HO (Z X Z) X Z (06BbIYHO MUIIYT NPOCTO Z X Z X Z); TaK KaK Z X Z ~ 7, AMeeM

(ZXZL)XL=LXL~T

(cm. 3ameuaHue mocse nokasatesnbctBa ciaencTBus 1.2.6). Ilpomomxasi B Tom
JKe TyXe, MOJydyaeM, UTO JJI KaxKAOTO d MHOXKECTBO MHOTOYJIEHOB CTeleHU d
C IeNbIMH KO3(PPUIIMEHTAMH CYETHO.

Crano 6bIThb, /51 Ka)KJI0ro d BCE MHOTOYJIEHBI CTEMeHU d C LEeJbIMH KO-
(hbUIMEeHTaMHU MOXHO DAacloJIOKUTh B TOCJENOBATENbHOCTD fq1, fa2, -, fdn,---
Pacmosio;kuM Bce 3TH MOCJEN0BAaTENbHOCTH B BUIE TAOJHILHI,

fu fie fis fua
for fo2 foz fou
f31 f32 f33 f34
Jar fag faz faa

Tenepr mepecurTaeM MHOTOYJIEHB TakK Ke, KaK B JIOKA3aTeJbCTBe MpeJJioxKe-
Husi 1.2.5: cHauaja MHOTOYJIEHBl C CYMMOH HHJAEKCOB 2, 3aTeM MHOT'0YJEHBI
C CYMMOH HMHJIEKCOB 3 W TaK HaJjee:

fit, fi2, for, f31, fo2, f13, far, f32, fo3, fi4, ---
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1.3. MHoxxecTBa (npogosxexue)

[anee, MHOTOUJIEH cTeneHU d UMeeT He 0oJjiee d neHcTBUTeNbHBIX KOpHeH. Mmes
3TO B BHAY, PAacCIOJOXKHUM BCe ajire6pandyeckrde uyucjaa B IOCJIEN0BATENbHOCTb
TaKUM 00pa3oM: CHauyaJja BbIIHIIEM Bce KOPHH MHOTOYJIeHa HoMep 1, 3aTeMm Bce
KOPHM MHOTOYJIeHa HoMep 2 (ecsqd TakoBble HaWAyTCs) W TaK HaJjee; eCld y
MHOTOYJIeHa JeHCTBUTEJbHBIX KOPHEH HeT, Mbl €ro MpONyCTHM; YHCJa, BCTpe-
yaBIIKecs: paHee, Takxke OyleM OMycKaTb (CP. IOKa3aTeNbCTBO CUETHOCTH MHO-
JKeCTBa pallMoHa/NbHBIX unces). TeM camMbM Bce ajirebpandeckre UHcCaa MOXKHO
OpraHU30BaTh B M0CJEN0BATENbHOCTb, U CUETHOCTb MHOXKECTBA ajredpandyecKux
YHCces J0Ka3aHa. O

Teopema 1.3.2 paet [0Ka3aTebCTBO CYLIECTBOBAHUS TPAHCLEHIEHTHBIX
4uceJs, HO He JaeT BO3MOXKHOCTH HU MPO OJHO «Pa3yMHOe» YHCJO YTBEPKIATb,
YTO OHO SIBJISleTCS TPAHCIeHIeHTHbIM. Ha caMoM fesie cyliecTBYIOT UHTepeCHbIe
KOHKpETHbIe MPUMEepPbl TPAHCLEHIEHTHBIX UHCe (B YaCTHOCTH, TPaHCIEHAEHTHbI
4ucsaa e U ), HO I0Ka3aTh MX TPAHCLUEHIEHTHOCTD yKe CJIOXKHEe.

Croenytoliiee MpelJiokKeHHe B MOMEHT CBOero OTKphITHUs (KoHel XIX Beka)
NIPOM3BEJIO OYEHb CUMBHBIA 3(P(eKT.

Ipennomxenue 1.3.4. Mnoxwecmsa R u R x R pasromouynoL.

IT0 npensokeHHe, B YACTHOCTH, O3HAYaeT, YTO MOXKHO YCTAHOBUTb OMEK-
LU0 MeXIy NPSMOH M MJIOCKOCTbIO. Ha mnepBeIfl B3I/ISAA Takoe IpelcTaB/sieTcs
HEBEPOSITHBIM: Belb KaXXAOMY fCHO, 4TO IpaAMas OJHOMEpHa, a IJIOCKOCTb
aBymepHa! Ha camom fesie HHUUero CTpallHOTO He MPOMCXOAMT: MpeAJoXKeHHe
NPOCTO IOKa3blBaeT, 4TO MJs (popMannu3alud HHTYMTHBHBIX IpeACTaBjeHHH
O PasMEepHOCTH OJHOTO TOJIbKO MOHSITHSI MOLIHOCTH MHOXeCTBa HeLOCTaTOUHO.
(3aberas Bmepen, cKaxKeM, UTO BCe CTAHOBUTCS Ha CBOM MeCTa, €CJIH MPHUBJEUb
TIOHSATHE HEMPEPBIBHOCTH.)

HokaszartenbctBo. [lockonbky R paBHOMOLIHO MHOXecTBy C' Gecko-
HeYHbIX MOCJef0BaTe/bHOCTEH U3 HYJeH U eMHHUL, JOCTAaTOUHO MoKa3aTb, YTO
C x C pasHowmotuno C. buekiuio xe f: C x C' — C MOXKHO NMOCTPOUTH CJELY-
romwuM obpasom. Eciu a = (ay,ae,...) u b = (b, be,...) — IBe moc/en0BaTeNb-
HOCTH HyJedl U enuHUL U3 C, TO MOKHO MOJOXKHTb

f(a,b) = (a1,b1,a9,be, a3, bs, ...)
(371€MeHTBI T0C/IE0BATEIBHOCTEH ¢ U b epeMesKaioTcs). 0

BBenem HekoTOpble 0003HAUEHHS], OTHOCSALIMECS K CPABHEHHMIO MHOXKECTB I10
moriHocTH. Ecin MHOXecTBa A ¥ B paBHOMOILHBI, TO OyneMm nucath |A| = |B].
Ecan MHOXecTBO A paBHOMOLIHO KaKOMY-TO MOJAMHOXecTBY B I, To Gynem
nucath |A| < |B|, a ecain npu 3ToM K ToMy ke A He paBHOMOLIHO B, GyneM
nucatb |A| < |B| (nanpumep, |N| < |R|). B cayuae xorma |A| < |B|, Gynem
FOBOPUTb, YTO MOIIHOCTb MHOXecTBa A MeHbIlle MOIIHOCTH MHOXKeCTBa B.
(OTmesbHOrO MOHATHS «MOLIHOCTh MHOXKecTBa A, 0603HaYaeMast uepe3 |Al» Mbl
BBOAUTb He OyfeM — [/ 3TOr0 MPUILIOCH Obl YrayOUTbCS B aKCHOMAaTHKY
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TEOPUH MHOXKECTB; OTPAaHHUMMCS TeM, 4TO OyneM MOIIHOCTH CPaBHHBaTb.) BoT
J1Ba OCHOBHble CBOMCTBA CPaBHEHHsl MOLIHOCTeH.

Teopema 1.3.5. [[1a r06vix 08yx muoxmcecms A u B 06sa3amenvHo umeem
|A| < |B|, |A| = |B| uau |B| < |A].

ITy TeopeMy JHOKas3aTb HeTPYyAHO, HO 1/ J[OKa3aTesJbCTBa NOTpebyeTcs
HeOOJIbIIOH 3KCKYpCe B akcHoMaTHKy. Mbl ee nokaxem B pasn. 3.1. A Bor
CJIelyIOLLYI0 TeOpeMy Mbl JOKaxKeM IpsIMO celvac.

’

Teopema 1.3.6 (reopema Kanrtopa—Dbepuiureiina). Ecau |A| < |B]
u |B| < |A|, mo |A| = |B|.

HoxaszarteabcTBO. M3 ycnoBus sIBCTByeT, YTO CYILECTBYIOT OHeKLHH
f:A—)Bl I/IQ:B—)Al, rne By C B, A; C A.

Jlns Bcsikoro aseMeHTa x € A Ha3oBeM €ro TMpellleCTBEHHUKOM TaKOH
sneMeHT y € B, 4to ¢(y) = x; Tak Kak g — OWeKLHs, MpeJllecTBeHHHK
eIMHCTBEHEH, €CJM OH CYIIeCTBYyeT. AHaJIOTHYHO, NJs BCAKOTO iy € B Haszo-
BeM ero MpellleCTBEHHHKOM TakKoH ajneMeHT x € A, uto f(x) = y; ecau oH
CYIIECTBYET, TO OH enWHCTBeHeH. [lJs Ka)kaoro ajnemMeHta x € A TOCTpOUM
MaKCHMaJ/bHYIO IeMOYKYy TpPeAlleCTBEHHUKOB: CHayaJja MpelllecTBeHHUK U3 B
(ecsiM OH CylIeCTBYeT), 3aTeM MpeNlIeCTBEHHUK MpellecTBeHHUKA (ecau OH
CYIIECTBYET, TO 3TO OMSITh 3JIEMEHT U3 B) ¥ T.1. AHAJOrMYHO ONpeNesuM MaKCH-
MaJIbHYIO [ENOuUKy TMpellleCTBEHHUKOB [Js 3JeMeHToB u3 B. Jas Bcskoro
1eJIOT0 HEeOTPULIaTeNbHOrO 1. 0603HauuM depe3 A,, C A MHOXECTBO 3JIeMEHTOB,
y KOTOPBIX MaKCHMaJbHasi AJIMHA LENOYKH MpPellleCTBEHHUKOB PAaBHA 7, a Yepe3
Ao, — MHOXECTBO 3JIEMEHTOB, Y KOTOPHIX IJIMHA LEMOYKH MpPEeAIleCTBEHHUKOB
6ecKoHeYHa. AHAJIOTMUHBIH CMBICJ MMeT 0003HaueHus B, U B.

3aMeTuM Teneps, uto f oTobpaxkaeT Ay, Ha By U (60Jie€ TOr0) HHAYIHPYET
OUEKIIMI0 MEXIY 3TUMU MHOXKeCTBaMU. AHAJOTMYHO BUAUM, U4TO f OHEKTHBHO
orobpaxkaer A Ha Byy; (mas Bcskoro k), a g GHeKTHBHO oToOpaxkaer By
Ha Ak+11

A Aq As A A
X X :
W

g 9
By By By By i~

Teneps 6uekunio ¢: A — B MOXHO ONpeNesuTh Tak:

f(z),  x€ Ag,
() =497 (), =€ Ay,
f(@), 7€ Ax. O

Teopema Kanropa—-bepHiuteiiHa oueHb nomMoraeT npu yCTaHOBJIEHHH PaBHO-
MOIIHOCTH Pa3JMUHbIX MHOKeCTB. Hanpumep, U3 Hee cpasy c/ienyer, 4To BCsKoe
nonmHoxkecTBo X C R2, comeprkaiiee X0Ts 6bl OAHH OTPE3OK, MMeeT MOIIHOCTD
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